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Introduction 



Since the 1960s, the theory of pseudodifferential operators has played an im- 
portant role in many exciting and deep investigations into linear PDE. Since the 
1980s, this tool has also yielded many significant results in nonlinear PDE. This 
monograph is devoted to a summary and reconsideration of some uses of pseudo- 
differential operator techniques in nonlinear PDE. 

We begin with a preliminary chapter reviewing pseudodifferential operators as 
a tool developed for the linear theory. This chapter sets down some of the funda- 
mental results and defines a bit of notation. It is also intended to serve readers 
interested in nonlinear PDE but without prior experience with pseudodifferential 
operators, to acquaint them with the basics of the theory. 

We then turn to an exposition of the further development which has applications 
to the nonlinear theory. One goal has been to build a bridge between two approaches 
which have been used in a number of papers written in the past decade, one being 
the theory of paradifferential operators, pioneered by Bony [Bo] and Meyer [Ml], 
the other the study of pseudodifferential operators whose symbols have limited 
regularity. 

The latter approach is a natural sucessor to classical devices of deriving estimates 
for linear PDE whose coefficients have limited regularity in order to obtain results on 
nonlinear PDE. Of the two approaches, it is initially the simpler. After making some 
general observations about symbols with limited smoothness and their associated 
operators in §1.1, we illustrate this in §1.2, using very little machinery to derive some 
regularity results for solutions to nonlinear elliptic PDE. The results there assume 
a priori that the solutions have a fair amount of regularity. To obtain better results, 
harder work is required. One useful tool is the symbol decomposition studied in 
§1.3. The idea is to write a nonsmooth symbol p(x, £) as p&(x, £) + p b (x, £) in such 
a way that an operator algebra is available for the associated operator p#(x,D) 
while p b (x 7 D) is regarded as a remainder term to be estimated. 

Chapter 2 establishes needed estimates on operators with non-smooth symbols. 
The material here incorporates ideas of Bourdaud [BG], Kumano-go and Nagase 
[KN], Marschall [Ma], and Meyer [Ml]. Having these estimates, we return to elliptic 
PDE in §2.2, obtaining full strength Schauder estimates, though of course not the 
special estimates (for scalar second order elliptic PDE) of de Giorgi et al. and of 
Krylov and Safanov. 

The symbol smoothing developed in §1.3 and applied in Chapter 2 provides a 
transition to the theory of paradifferential operators, which we expose in Chapter 
3. In this chapter we take a further look at nonlinear elliptic PDE. Also, in §3.6 
we use the paradifferential operator calculus to prove some commutator estimates, 
including important estimates of Coifman and Meyer [CM] and of Kato and Ponce 
[KP]. 

Chapter 4 exploits commutator estimates of Coifman and Meyer established in 
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§3.6 to derive a sharp operator calculus for C 1 symbols, including some classical 
results of Calderon. We also compare this material with a C 1 paradifferential 
calculus. 

In subsequent chapters we treat various basic topics in nonlinear PDE. Chapter 5 
deals with nonlinear hyperbolic systems. We endeavor to obtain the sharpest results 
on regular solutions to symmetric and symmetrizable systems, though generalized 
solutions involving shock waves and such are not considered. 

In Chapter 6 we establish a variant of Bony's propagation of singularities theo- 
rem. We mention one point; in showing that for a solution u G H rn+cr to a nonlinear 
PDE F(x, D m u) = /, microlocal regularity of order m + a — 1 + s propagates for 
s < r, we require u G C m+r rather than u G H n ^ 2+rn+r . This implication is slightly 
more precise than the usual statement, and also highlights the mechanism giving 
rise to the higher regularity. It will be clear that this material could have been 
put right after Chapter 3, but since wave propagation is the basic phenomenon 
inducing one to be interested in propagation of singularities, it seems natural to 
put the material here. 

Chapters 7 and 8 treat nonlinear parabolic equations and elliptic boundary prob- 
lems, respectively. The latter topic extends the interior analysis done in Chapters 
2 and 3. In both of these chapters we discuss some existence theorems which follow 
by using the DeGiorgi-Nash-Moser theory in concert with the results proved here. 
These arguments are well known but are included in order to help place in perspec- 
tive what is done in these chapters. Also in Chapter 7 we derive some results on 
semilinear parabolic equations and illustrate these results by discussing how they 
apply to work on harmonic mappings. 

In various applications to PDE we find different advantages in the diverse tech- 
niques developed in Chapters 1-4. For example, for interior elliptic regularity, 
symbol smoothing is very useful, but in the quasilinear case both C^S^Q-calculus 
as developed in Chapter 2 and paradifferential operator calculus as developed in 
Chapter 3 seem equally effective, while in the completely nonlinear case the lat- 
ter tool seems to work better. The paradifferential approach is used on elliptic 
boundary problems in Chapter 8. For nonlinear hyperbolic equations, the sharpest 
results seem to be produced by a combination of the Kato-Ponce inequality and 
some generalizations, and C 1 5 , ^ l -calculus, developed in Chapter 4. It will be noted 
that both these tools have roots in paradifferential operator calculus. 

At the end are four appendices. The first collects some facts about various 
function spaces, particularly Sobolev spaces, Holder spaces, and Zygmund spaces, 
and also Morrey spaces and BMO. The second ties together some known results 
and discusses a few new results on norm estimates of the form 



in borderline cases when the inclusion Y C X barely fails. This particularly arises in 
a number of important cases where either X or Y is L°°. The third appendix gives 
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a proof of the DeGiorgi-Nash-Moser estimates, largely following works of Moser 
and Morrey. Appendix D presents a proof of some paraproduct estimates of [CM] 
needed for some of the results of §3.5— §3.6, such as the commutator estimates used 
to develop the C 1 5 , ^ l -calculus in Chapter 4. 

We also include a notational index, since a rather large number of function spaces 
and operator spaces arise naturally during the course of the investigations described 
here. 

Remark. The original version of this monograph appeared in 1991, in the Birkhauser 
Progress in Mathematics series. I have made some corrections, additions, and stylis- 
tic changes here. I have also added references to some further work. A companion 
to this work is Tools for PDE, [[T2]], which is cited from time to time in this 
revision. 
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Chapter 0: Pseudo-differential operators 
and linear PDE 



In this preliminary chapter we give an outline of the theory of pseudodifferential 
operators as it has been developed to treat problems in linear PDE, and which will 
provide a basis for further developments to be discussed in the following chapters. 
Many results will be proved in detail, but some proofs are only sketched, with 
references to more details in the literature. We define pseudodifferential operators 
with symbols in Hormander's classes S™ s , derive some useful properties of their 
Schwartz kernels, discuss their algebraic properties, then show how they can be 
used to establish regularity of solutions to elliptic PDE with smooth coefficients. 
We proceed to a discussion of mapping properties on I? and on the Sobolev spaces 
H s , then discuss Garding's inequality, and some of its refinements, known as sharp 
Garding inequalities. In §0.8 we apply some of the previous material to establish 
existence of solutions to hyperbolic equations. We introduce the notion of wave 
front set in §0.10 and discuss microlocal regularity of solutions to elliptic equations. 
We also discuss how solution operators to a class of hyperbolic equations propagate 
wave front sets. In §0.11 we discuss LP estimates, particularly some fundamental 
results of Calderon and Zygmund, and applications to Littlewood-Paley Theory, 
which will be an important technical tool for basic estimates established in Chapter 
2. We end this introduction with a brief discussion of pseudodifferential operators 
on manifolds. 

§0.1. The Fourier integral representation and symbol classes 

The Fourier inversion formula is 

(0.1.1) f(x) = J /(Oe fa *de 

where /(£) = (2ir)~ n f f(x)e~ lx '^ dx is the Fourier transform of a function on M n . 
If one differentiates (0.1.1), one obtains 

(0.1.2) D«f(x) = J CttOe^dt, 

where D a = D" 1 • • • Dj = (l/i)d/dxj. Hence, if 

p(x,D)= a a (x)D« 

\a\<k 

is a differential operator, we have 



(0.1.3) p(x, D)f(x) = J p(x, 0/(0e te-C * 
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where 

|a|<fc 

One uses the Fourier integral representation (0.1.3) to define pseudodifferential 
operators, taking the function p(x, £) to belong to one of a number of different 
classes of symbols. In this chapter we consider the following symbol classes, first 
defined by Hormander. 

Assuming p, 5 G [0, 1], m G R, we define S™ s to consist of C°° functions p(x,£) 
satisfying 

(0.1.4) |£>f£>£p(a;,OI < C a/3 (£> m - pH+5|/31 

for all a, /3, where (£) = (1 + |£| 2 ) 1/2 - In such a case we say the associated operator 
defined by (0.1.3) belongs to OPS™ s . 

If there are smooth p m _j(x, £), homogeneous in £ of degree m — j for |£| > 1, 
i.e., p m _j-(x,r^) = r m - 3 p m -j(x,i) for r, |f | > 1, and if 

(0.1.5) p(x,Z)~J2Pm-j(x,t;) 

j>0 

in the sense that 

N 

(0.1.6) p(x,Z)-Y,Pm-j(x,Z) e S^ N 

3=0 

for all N, then we say p(x, £) G S 1 ™, or just p(x, £) G 5' m . 

It is easy to see that if p{x,£) G S^, and p, 5 G [0,1], then p(x,D) : S(R n ) -> 
C°°(M n ). In fact, multiplying (0.1.3) by x a , writing x Q e ix ^ = (- J D c ) a e ix ^ and 
integrating by parts yields 

(0.1.7) p(x, D) : S(R n ) — ► S(R n ). 

Further mapping properties will be described below, but for now we make note of 
the following. 

Lemma 0.1. A. If 5 < 1, then 

(0.1.8) p(x, D) : S'(R n ) — > S'(R n ). 



Proof. Given u G <S', v G 5, we have formally 
(0.1.9) D)u) = {p v ,u) 
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where 



p v (0 = (2n)- n J v(x)p(x,Oe tx< dx. 
Now integration by parts gives 

CPviO = (2tt)-" J D«(v(x)p(x,Z))e ix -tdx, 



so 



\Pv(0\<C a {O m+5]aHal - 



Thus if 5 < 1 we have rapid decrease of p v (£). Similarly we get rapid decrease of 
derivatives of p v (£), so it belongs to S. Thus the right side of (0.1.9) is well defined. 

As the case 6 = 1 will be very important in later chapters, the failure of (0.1.8) 
in this case will have definite consequences. 

A useful alternative representation for a pseudodifferential operator is obtained 
via a synthesis of the family of unitary operators 

(0.1.10) e iq ' x e ip - D u(x) = e iq ' x u(x + p). 

Given a(x,£) e S(R n x M n ), we have 

= (27r)" 2n I a(y^)e~ w ' q e-^ p e lx - q u(x + p) dy d^dqdp 
(0.1.11) J 

= { ^ja M e-^ + P)d,dp 

= (2n)~ n J a(s,0e te *fi(flde- 

In other words, 

(0.1.12) a(x,D)u = J a(q,p)e iq - x e ip - D u(x)dqdp. 

This can be compared to the Weyl calculus, defined by 

a(X,D)u= I d(q,p)e l{q - x+p - D) u(x)dqdp 

(0-1.13) r n 

= (27r)- n J a(-(x + y),^e«*-y>tu(y)dydt, 
which has been extensively studied (see [HI]), but will not be used here. 
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§0.2. Schwartz kernels of pseudo differential operators 

To an operator p(x,D) G OPS™ s defined by (0.1.3) corresponds 
a Schwartz kernel K G V'(R n x W 1 ), satisfying 

(u(x)v(y),K)= II u{x)p(x^)me lx< d^dx 
(0-2.1) JJ 

= W n JJJ u(x)p(x,Oe l{x - yH v(y)dydtdx. 

Thus, K is given as an "oscillatory integral" 

(0.2.2) K = (2yr)- n J p{x, £) e l(x "^ d£. 

We have the following basic result. 

Proposition 0.2. A. // p > 0, then K is C°° off the diagonal in W 1 x W 1 . 
Proof For given a > 0, 

(0.2.3) (x - y) a K = J e^-y^ Dfp(x, d£. 

This integral is clearly absolutely convergent for \a\ so large that m — p\a\ < 
—n. Similarly it is seen that applying j derivatives to (0.2.3) yields an absolutely 
convergent integral provided m + j — p\a\ < —n, so in that case (x — y) a K e 
C j (R n xl"). This gives the proof. 

Generally, if T has the mapping properties 

T : C °°(M n ) — ► C°°(M n ), T : £'(R n ) — > T?'(R n ), 

and its Schwartz kernel K is C°° off the diagonal, it follows easily that 

sing supp Tu C sing supp u for u G £'(IR n ). 

This is called the pseudolocal property. By (0.1.7)-(0.1.8) it holds for T G OPS™ 5 
if p > and 5 < 1. 

We remark that the proof of Proposition 0.2. A leads to the estimate 

(0.2.4) \DZ ty K\ < C\x - y\~ k 

where k > is any integer strictly greater than (l/p)(m + n + \/3\). In fact, this 
estimate is rather crude. It is of interest to record a more precise estimate which 
holds whenp(x^) G S™ 5 . 
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Proposition O.2.B. Ifp(x,£) G S™ s , then the Schwartz kernel K ofp(x,D) sat- 
isfies estimates 

(0.2.5) \ D x,y K \ < C\x-y\- n - m -W 

provided m + \(3\ > —n. 

The result is easily reduced to the case p(x,£) = p(£)> satisfying \D a p(^)\ < 
Ca(C) m_ ' a ') f° r which p(D) has Schwartz kernel K = p(y — x). It suffices to prove 
(0.2.5) for such a case, for (3 = and m > —n. We make use of the following simple 
but important characterization of such symbols. 

Lemma O.2.C. Given p(£) G C°°(IR n ), it belongs to S™ if and only if 
(0.2.6) p r (£) = r~ m p{ri) is bounded in C°°(l < |f | < 2) for r G [1, oo). 



Given this, we can write p(£) = po(£) + Io° lT-( e ~ T <^ r with <Zo(£) e C^(lR n ) and 
e~ mr (/ r (£) bounded in the Schwartz space <S(M n ), for r G [0, oo). Hence e~ mT q T (z) 
is bounded in <S(IR n ). In particular, we have e~ mT \q T (z)\ < Cn(z)~ n , so 

/•OO 

\p(z)\ < \po(z)\ + C N / e^+^^l + le^D^dr 

Jo 



(0.2.7) 



/•OO 

<C + C N \z\- n ~ m / e (n+m)r (l + e T )- JV dr, 

Jlog\z\ 



which implies (0.2.5). We also see that in the case m+ \/3\ = —n, we obtain a result 
upon replacing the right side of (0.2.5) by C log \x — y\~ l , (provided \x — y\ < 1/2). 

§0.3. Adjoints and products 

Given p(x, £) G S™ s , we obtain readily from the definition that 

(0.3.1) p(x, D)*v = (27r)- n y p(y, £)*e^-^%) dy d£. 

This is not quite in the form (0.1.3) as the amplitude p{y,£)* is not a function 
of (x,£). Before continuing the analysis of (0.3.1), we are motivated to look at a 
general class of operators 

(0.3.2) Au(x) = (2n)- n J a(x iy ^)e i(x - yH u(y) dy df. 

We assume 

(0.3.3) \D^ y D^a(x,y,0\ < C W0 m ~ -^l+^l+^M, 
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and then say a(x, y, £) G S 1 ™^ 5a . A brief calculation transforms (0.3.2) to 
(0.3.4) (2n)- n J q(x^y {x ~ y)< u(y)dyd^ 



with 



(0.3.5) 



q(x,£) = (27r)- n J a(x,y,r,)e^-y>^ dy d V 
= e iD ^a(x,y,0\ y=x 



Note that a formal expansion e lD t' Dy = I + iD^ ■ D y — (1/2) (D^ ■ D y ) 2 + ■ ■ ■ gives 
(0-3.6) q(x, ~ £ D>(x, y, | y=x . 



a>0 



If a(x, y, £) G S^ 5i 5a with < 82 < p < 1, then the general term in (0.3.6) belongs 

to 5 , ™~ < - p_<5 ' ) ' a ', 8 = min(5i, 5 2 ), so the sum on the right is formally asymptotic. 
This suggests the following result: 

Proposition 0.3. A. If a(x,y,£) G S™ &1 $2 with < 82 < p < 1, then the operator 
(0.3.2) belongs to OPS™ s , with 8 = max(<5i, <5 2 )- In fact A = q(x,D) where q(x,£) 
has the asymptotic expansion (0.3.6). 

To prove this proposition, one can first show that the Schwartz kernel K(x, y) = 
(27r)~ n J a(x, y, £)e l ( x ~ y )'£ d£ satisfies the same estimates as established in Propo- 
sition 0.2. A, and hence, altering A only by an operator in OPS~°° , we can assume 
a(x,y, £) is supported on \x — y\ < 1. Let 

(0.3.7) 6(^,77,0 = W n J a(x,x + y,Oe- iy - v dy 7 

so 

(0.3.8) p(x, = J H x i V,t + V) dV- 

The hypotheses on a(x, y, £) imply 

(0.3.9) \DgD°b(x,ri,t)\ < C^(0 m+Sm+S2 - plal (v)- u 

where 8 = max (Si, 82). Since 82 < 1, it follows that p(x, £) and any of its derivatives 
can be bounded by some power of (£). 
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Now a power series expansion of b(x, ??, £ + ??) in the last argument about £ gives 



(0.3.10) 



\a\<N 



<CM N {-n)~ v sup ^ + t7 1 ) rn+S2 "- pN . 

0<t<l 



c{0 m - (p - 52)N if \v\ <\\t\, 



With v = N we get a bound 
(0.3.11) 

and if v is large we get a bound by any power of for |£| < 2|?y|. Hence 

(0.3.12) p(x,0- E - f (iDsrD«a(x,x + y,0\ y =o < C(O m+n - ( ^ 2)7V , 



a! 

|a|<JV 

from which the proposition follows. 

If we apply Proposition 0.3. A to (0.3.1), we obtain: 

Proposition O.3.B. Ifp(x,D) G OPS™ s , < 8 < p < 1, then 
(0.3.13) p(x,£>)* =p*0r,D) G OPS™ s 

with 



(0.3.14) 



a>0 



The result for products of pseudodifferential operators is the following. 
Proposition O.3.C. Given Pj(x,£) G OPS 3 S , suppose 

(0.3.15) < 62 < p < 1 u>i£/i p = min(pi, ^2)- 

T/ien 



(0.3.16) 



p 1 (x, J D)p 2 (x, J D) = g(x }J D) G OPS™ 1 



mi+m2 



u>i£/i 5 = max(5i,5 2 )7 <wad 

(0.3.17) ~ e ^fpifofl 



a>0 
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This can be proved by writing 
(0.3.18) pi(x, D)p 2 (x, D)u = p t (x, D)p*(x, D)*u = Au 

for A as in (0.3.2) with 

(0.3.19) a(x,y,0=Pi(x,0P*2(y,0* 

and then applying Proposition 0.3. A and O.3.B. Alternatively, one can compute 
directly that p±(x, D)p2(x, D) = q(x, D) with 

q(x,0 = (2n)~ n [ Pl (x, V )p 2 (y,0e t{x - yHr <-^d V dy 
(0.3.20) J 

= e lD ^ D y pi (x,r])p 2 (y,0\ y=X!rj ^, 

and then apply an analysis such as used to prove Proposition 0.3. A. Carrying out 
this latter approach has the minor advantage that the hypothesis (0.3.15) can be 
weakened to < 8 2 < pi < 1, which is quite natural since the right side of (0.3.17) 
is formally asymptotic under such a hypothesis. 

§0.4. Elliptic operators and parametrices 

We say p(x, D) e OPS™ s is elliptic if, for some r < oo, 

(0.4.1) \p(x,0\>C(O m {or |C|>r. 

Thus, if V(0 e C°°(R n ) is equal to for |f | < r, 1 for |^| > 2r, it follows easily 
from the chain rule that 

(0.4.2) mP(x,0~ 1 =Qo(x,O^S-f. 

As long as0<<5<p<l, we can apply Proposition 0.3.C to obtain 

qo(x,D)p(x,D) = I + r (x,D) 
p(x,D)q (x,D) = I + r (x,D) 

with 

(0.4.4) r o (s,0, r (o;,e) 6^ M . 

Using the formal expansion 

(0.4.5) 7 - r (x, £>) + r (x, D) 2 7 + s(x, D) e OPS° p>s 

and setting q(x, D) = (7 + s(x, 7J>))g (^, 7>) G OPS~™, we have 
(0.4.6) q(x,D)p(x,D) =I + r(x,D), r(x^)eS~°°. 
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Similarly we obtain q(x,D) G OPS ' ™ satisfying 

(0.4.7) p(x,D)q(x,D) = I + f(x,D), r(x,£,) e S' 00 . 

But evaluating 

(0.4.8) (q(x, D)p(x, D))q(x, D) = q(x, D) (p(x, D)q(x, D)) 

yields q(x, D) = q(x, D) mod OPS~°° , so in fact 

q(x, D)p(x, D)=I mod OPS~°° 
(0.4.9) V 1 K ' 

p{x,D)q{x,D) = I mod OPS' 00 . 

We say q(x, D) is a two-sided parametrix for p(x, D). 

The parametrix can establish local regularity of a solution to 

(0.4.10) p(x,D)u = f. 

Suppose uj e S'(R n ), and p(x, D) e OPS™ s is elliptic, with < 8 < p < 1. 
Constructing q(x,D) G OPS~™ as in (0.4.6), we have 

(0.4.11) u = q(x,D)f -r(x,D)u. 

Now a simple analysis parallel to (0.1.7) implies that 

(0.4.12) R G OPS' 00 ^R:S' — ► S. 

By duality, since taking adjoints preserves OPS~°° , 

(0.4.13) ReOPS' 00 ^ R:S' — > C°° . 

Thus (0.4.11) implies 

(0.4.14) u = q(x, D)f mod C°° . 

Applying the pseudolocal property to (0.4.10) and (0.4.14), we have the following 
elliptic regularity result. 

Proposition 0.4. A. If p{x,D) G OPS™ s is elliptic and < 8 < p < 1, then, for 
any u G S'(R n ), 

(0.4.15) sing supp p(x, D)u = sing supp u. 

More refined elliptic regularity involves keeping track of Sobolev space regularity. 
As we have the parametrix, this will follow simply from mapping properties of 
pseudodifferential operators, to be established in subsequent sections. 

§0.5. I? estimates 

Here we want to obtain L 2 estimates for pseudodifferential operators. The fol- 
lowing simple basic estimate will get us started. 
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Proposition0.5.A. Let (X,/j,) be a measure space. Suppose k(x,y) is measurable 
on X x X and 

(0.5.1) J \k( Xl y)\dfi(x)<C u J \k(x,y)\dp(y)<C 2 , 

x x 

for all y and x, respectively. Then 

(0.5.2) Tu{x) = J k{x,y)u{y)dp:{y) 

satisfies 

(0.5.3) ||Tu|| L p < C\ ,p C\ /q \\u\\ L v 

for p G [1, oo], with 1/p + 1/q = 1. 

Proof. For p G (1, oo), estimate 

(0.5.4) J J k(x,y)u(y)v(x)dfi(y)dfi(x) 

via \uv\ < \u(x)\ p /p + \v(y)\ q /q. Then (0.5.4) is dominated by (Ci/^HwH^p + 
(C2 /<?) || || • Replacing u,v by tu,t~ 1 v and minimizing the resulting bound over 

t G (0,oo), we dominate (0.5.4) by C\^ p C^ q ||m||.lj>IM|.l<i, thus proving (0.5.3). The 
exceptional cases p = 1 and 00 are easily treated. 

To apply this when X = R n and k = K is the Schwartz kernel of p(x, D) G 
OPS™ s , note from the proof of Proposition 0.2. A that 

(0.5.5) \K(x, y)\ < C N \x - y\~ N for \x - y\ > 1 

as long as p > 0, while 

(0.5.6) \K(x,y)\ < C\x - y\~ {n ~ 1] for \x - y\ < 1 

as long as m < — n + p(n — 1). (Recall this last estimate is actually rather crude.) 
Hence we have the following preliminary result. 

Lemma O.5.B. Ifp(x, D) G OPS™ 5 , p > 0, and m < -n + p(n - 1), then 
(0.5.7) p(x, D) : L p (R n ) — ► L p (R n ), 1 < p < 00. 

Ifp{x,D) G OPS^ s , then (0.5.7) holds for m < 0. 

The last observation follows from the improvement of (0.5.6) given in (0.2.5). 
Our main goal in this section is to prove the following. 



17 



Theorem 0.5. C. Ifp(x,D) e OPS° p5 and < 8 < p < 1, then 
(0.5.8) p(x, D) : L 2 (IR n ) — > L 2 (R n ). 



The proof we give, following [H4], begins with: 
Lemma O.5.D. Ifp(x,D) e OPS~%, < 6 < p < 1, and a > 0, i/ien 

Proof. Since ||P-u||| 2 = (P*Pu, u), it suffices to prove that some power of p{x, D)*p(x, D) 
= Q is bounded on L 2 . But <5 fc £ OPS~ 2ka , so for /c large enough this follows from 
Lemma O.5.B. 

To proceed with the proof of Theorem 0.5.C, taking 

q(x,D)=p(x,D)*p(x,D)eOPS° PiS , 

suppose \q(x 7 ^)\ < M — 6, b > 0, so 

(0.5.9) M — Re > b > 0. 

In the matrix case, take Re q(x^) = (l/2)(q(x^) + q(x,£)*). It follows that 

(0.5.10) A(x, = (M - Re q(x, 0) V ' G S p % 

and 

L>)*A(x, D) = M - q(x, D) + r(x, D), 
(iloAl ) r(x,D) E OPS~ { 5 p ~ S) . 

Applying Lemma 0.5.D to r(x, D), we have 

5 M||«||| a - ||p(x, D)u||2 2 = || A(x, L>H|| 2 - (r(x, D)u, u) 

> -C||«||i a 



or 

(0.5.13) \\p(x,D)u\\ 2 < (M + C)\\u\\ 2 L2 , 

finishing the proof. 

From these L 2 -estimates easily follow L 2 -Sobolev space estimates. The Sobolev 
space H s (R n ) is often defined as 

(0.5.14) H s (R n ) ={«G S'(R n ) : (£) s u(£) e L 2 (IR n )}. 

Equivalently, with 

(0.5.15) A s w = J (0 fl u(0e ia "^; A s e OPS s , 

we have 

(0.5.16) i7 s (M n ) = A" s L 2 (M n ). 

The operator calculus easily gives: 



18 



Proposition O.5.E. Ifp(x,D) G OPS™ s , < 8 < p < 1, m,sGl, then 
(0.5.17) p(x, D) : # s (M n ) — ► tf s - m (M m ). 

Note that, in view of the boundedness of operators with symbols £, a (Q~ k , \cc\ < 
k G Z+, and (£) 2fc \J2\ a \<k l£ a | 2 ] > we easu Y see that, given it G L 2 (IR n ), then 
u G # fc (M n ) if and only if D a u G L 2 (R n ) for \a\ < k, so the definition (0.5.16) is 
consistent with other common notions of H h when s = k G Z + . 

Given Proposition 0.5.E, one easily obtains Sobolev regularity of solutions to the 
elliptic equations studied in §0.4. 

Calderon and Vaillancourt sharpened Theorem 0.5.C, showing that 

(0.5.18) p(x, G S%, 0<p<l^ p(x, D) : L 2 (R n ) — L 2 (M"). 

This result, particularly for p = 1/2, has played an important role in linear PDE, 
especially in the study of subelliptic operators, but it will not be used in this 
monograph. 

§0.6. Garding's inequality 

In this section we establish a fundamental estimate, first obtained by Garding 
in the case of differential operators. 

Theorem O.6.A. Ifp(x,D) G OPS™ s , < S < p < 1, and 
(0.6.1) Rep(x,Z)>C\Z\ m for\£\ large, 

then, for any s G R, there are Co, C\ such that 
(0.6.2) Re (p(x, D)u, u) > C \\u\\ 2 Hm/2 - Ci\\u\\ 2 Hs . 



Proof. Replacing p(x,D) by A m l 2 p{x, D)A m / 2 , we can suppose without loss of 
generality that m = 0. Then, as in the proof of Theorem 0.5.C, take 

(0.6.3) A(x, = (Re p(x, - l -C) ^ G S%, 



so 



(0.6.4) 



A(x, D)*A{x, D) = Re p(x, D) — ^-C + r(x, D), 

r{x,D) G OPS~ ( s p ~ S) . 
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This gives 

Re {p{x,D)u,u) = \\A(x,D)u\\ 2 L 2 + -C\\u\\ 2 L2 + {r{x,D)u,u) 
(0.6.5) " 2 

> ^c\\u\\h - C.WuWls 

with s = — (p — 8)/2, so (0.6.2) holds in this case. If s < — (p — 8)/2 = so, use the 
simple estimate 

(0.6.6) \\u\\% a < e||u||£ 2 + C(e)\\u\\ 2 HS0 

to obtain the desired result in this case. 



§0.7. The sharp Garding inequality 

In this section we will sketch a proof of the following sharp Garding inequality, 
first proved by Hormander for scalar operators and then by Lax and Nirenberg for 
matrix valued operators. 

Proposition 0.7. A. Ifp(x,£) G Sl andp(x,£) > 0, then 
(0.7.1) Re (p(x,D)u,u)>-C\\u\\ 2 L 2. 



We begin with the following characterization of S^q, a variant of (0.2.6). Cover 

R 2n with "rectangles" Rj, centered at points (x_j,£j)> sucn that \ x ~ x j\ — 
and |£ — £j\ < (l/2)Mj defines Ry, here Mj = max |£j n |), if this max 

is > 1, Mj = 2 otherwise; = ■ ■ ■ ,£j n )- Let be the natural affine map 
from the unit "cube" Q in M 2n , defined by |x| < 1/2, |f | < 1/2, onto Rj. Then 
p(x,£) G C°°(lR 2n ) defines a sequence of functions p o tyj g C°°(Qo), and p(x, £) 
belongs to if and only if {M" m p o is bounded in C°°(Q )- 

One can pick a cover of lR 2n and a subordinate partition of unity ipj(x, £) > 0, 
bounded in ^ . Let 

(0.7.2) ^(x,0 = (^)o^- 

Then p(x,£) G S 1 ^ implies M~ x qj bounded in Cq°(Q ). 

Now one can construct "by hand" an operator A = ai(x, D), such that ai(x, £) G 
5(IR 2n ), f ai(x,£) dxd£ = 1, and (Au, u) > for all u. One can take A to be given 
by (0.3.2) with 

(0.7.3) a(x, y, f) = Coe^'V^V^ 2 

and verify that this works, for some Co > 0. Then set 



(0.7.4) 



a t (x,0=t n/2 a(t 1/2 x,t 1 / 2 
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and define pj G S(R 2n ) by 

(0.7.5) Pj0^j = qj*a Mj - 

Thus 

(0.7.6) Pj = (tl>jP)*1>3 

where bj is obtained from ai(x,£) via a linear symplectic transformation; bj(x,D) 
is unitarily conjugate to a±(x, D), and hence bj(x,D) > 0. Since (ipjp)(x,£) > 0, it 
follows from (0.7.6) that 

Pj{x,D) = J (ipjp)(y,r])bj(x — y,D — rj) dy drj > 0. 

Now let 

(0.7.7) #*,0 = £Pi(*,0- 

It is clear that p(x, D) > 0. It is also not hard to show that 

(0-7.8) p(z,0-p(*,Oe<S?,o- 
This gives (0.7.1). 

Note that, multiplying p(x, D) on both sides by k m l 2 , you can restate the sharp 
Garding inequality in the apparently more general form: if p(x,£,) G S™o is > 0, 
then 

(0.7.9) Re (p(x, D)u, u) > -C\\u\\ 2 H(m _ 1)/2 . 

There is also the following variant for symbols of type (p, 5) : 

Proposition O.7.B. Given < 8 < p < 1, then p(x^) G S™ s , p(x^) > implies 
(0.7.1) provided m = p — 6. 

The proof is parallel to that sketched above. One covers lR 2n by rectangles Rj, 
defined by \x - Xj \ < (1/2)M- 5 , |f - &| < (1/2)M/. 

For scalar operators, there is the following tremendous strengthening, due to 
Fefferman and Phong [FP]: 

Theorem O.7.C. If p(x^) G S™ s , is > and scalar, then (0.7.1) holds provided 
m = 2(p-S). 

A variant of the sharp Garding inequality, for symbols with limited smooth- 
ness, will be established in Chapter 2 and applied in Chapter 6. The approach 
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in Chapter 2 will be to write p(x,£) = p&(x,£) + p b (x,^) and apply Proposition 
0.7.B to while bounding the norm of p h {x,Z). Actually, in order to state 

the sharpest available result, we will apply Theorem 0.7.C to p^(x,£), but for the 
application in Chapter 6 the weaker result following from Proposition 0.7.B suffices. 

§0.8. Hyperbolic evolution equations 

In this section we examine first order systems of the form 

(0.8.1) — = L(t, x, D x )u + g(t, x), u(0) = f. 

We assume L(t,x,£) G Sl , with smooth dependence on t, so 
(0.8.2) \DlDgDfL(t,x,Z)\ < C^) 1 ^. 

Here L(t,x,£) is a K x K matrix-valued function, and we make the hypothesis of 
symmetric hyperbolicity: 

(0.8.3) L(t,x,Z)* + L(t,x,£) eS%. 

We suppose / G H s (R n ), s G R, gE C(R,H s (R n )). 

Our strategy will be to obtain a solution to (0.8.1) as a limit of solutions u £ to 

On 

(0.8.4) = J e LJ e u e + g, u £ (0) = f, 

where 

(0.8.5) J £ = ip{eD x ) 

for some G iS(lR n ), (p(0) = 1. The family of operators J e is called a Friedrichs 
mollifier. Note that, for any e > 0, J £ G OPS~°°, while, for e G (0,1], J e is 
bounded in OPS^ Q . 

For any £ > 0, J £ LJ £ is a bounded linear operator on each H s , and solvability 
of (0.8.4) is elementary. Our next task is to obtain estimates on u s , independent of 
e G (0, 1]. Use the norm |H|h s = ||A s 'u|| £/ 2. We derive an estimate for 

(0.8.6) j t \\K s u £ {t)\\ 2 L , = 2(A s J £ LJ £ u £ )+2(A s g,A s u £ ). 

Write the first two terms on the right as 

(0.8.7) 2(LA s J £ u £ , A s J £ u £ ) + 2([A S , L]J £ u £ , A s J £ u £ ). 

By (0.8.3), L + L* = B(t, x, D) G OPS? , so the first term in (0.8.7) is equal to 

(0.8.8) (B(t,x,D)A s J £ u £ ,A s J £ u £ ) < C\\J £ u £ \\ 2 Hs . 
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Meanwhile, [A S ,L] G OPSf , so the second term in (0.8.7) is also bounded by the 
right side of (0.8.8). Applying Cauchy's inequality to 2(A s g, A s -u e ), we obtain 

(0.8.9) jJ^u £ (t)\\h<C\\A s u £ (t)\\h +C\\g(t)f Hs . 

Thus Gronwall's inequality yields an estimate 

(0.8.10) \\u e (t)\\h < C(t)[\\f\\ 2 Hs + \\g\\ 2 c{m , Hs) ], 

independent of s G (0, 1]. We are now prepared to establish the following existence 
result. 

Proposition 0.8. A. If (0.8.1) is symmetric hyperbolic and 

f G H s (R n ), g G C(R,H s (R n )), s£K, 
then there is a solution u to (0.8.1), satisfying 
(0.8.11) u G L^ C (R, H s (R n )) fl Lip(R, H s ~ 1 (R n )). 

Proof. Take / = [— T, T]. The bounded family 

u s G C{I,H a )nC x (1,11 s - 1 ) 

will have a weak limit point u satisfying (0.8.11), and it is easy to verify that such 
u solves (0.8.1). As for the bound on [— T, 0], this follows from invariance of the 
class of hyperbolic equations under time reversal. 

Analogous energy estimates can establish uniqueness of such a solution u and 
rates of convergence of u £ — > u as e — > 0. Also (0.8.11) can be improved to 

(0.8.12) u G C(R, H s (R n )) n C 1 (1R, if s_1 (IR n )). 

As details of such arguments, applied to nonlinear problems, can be found in Chap- 
ter 5, we will skip them here. 

There are other notions of hyperbolicity. In particular, (0.8.1) is said to be 
symmetrizable hyperbolic if there is a K x K matrix valued S(t, x, £) G S^ which 
is positive definite, and such that S(t, x, £)L(t, x, £) = L(t,x,£) satisfies (0.8.3). 
It can be shown that (0.8.1) is symmetrizable whenever it is strictly hyperbolic, 
i.e., if I 6 Sl t and Li(t, x,£) has, for each (t,x,£), £ ^ 0, K distinct purely 
imaginary eigenvalues. Proposition 0.8. A extends to the case of symmetrizable 
hyperbolic systems. First order systems of this nature arise from higher order 
strictly hyperbolic PDE. Such arguments as justify these statements can also be 
found, applied to nonlinear problems, in Chapter 5. 
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§0.9. Egorov's Theorem 

We want to examine the behavior of operators obtained by conjugating a pseu- 
dodifferential operator P G OPS™ by the solution operator to a scalar hyperbolic 
equation of the form 

(0.9.1) — = iA(t,x,D x )u, 

where we assume A = A\ + A with 

(0.9.2) A 1 (t,x,0 G real, A (t,x,£) G 5^- 

We suppose Ai(t,x,£) is homogeneous in £, for |£| > 1. Denote by S(t,s) the 
solution operator to (0.9.1), taking u(s) to u(t). This is a bounded operator on 
each Sobolev space H a , with inverse S(s : t). Set 

(0.9.3) P(£) = S(t,0)P o S(0,t). 

We aim to prove the following result of Egorov. 

Theorem O.9.A. If P = Po{x,D) G OPS^ , then for each t, P(t) G OPS^ , 
modulo a smoothing operator. The principal symbol of P(t) (mod S™^ 1 ) at a point 
(^o^o) is equal to po(yo,Vo), where (yo,r]o) is obtained from (xq^q) by following 
the flow C(t) generated by the (time dependent) Hamiltonian vector field 

y^fdAi d dAi d \ 



To start the proof, differentiating (0.9.3) with respect to t yields 
(0.9.5) P'(t) = i[A(t, x, D), P(t)], P(0) = P . 

We will construct an approximate solution Q(t) to (0.9.5) and then show that 
Q(t) — P(t) is a smoothing operator. 

So we are looking for Q(t) = q(t, x, D) G OPS™ , solving 

(0.9.6) Q'(t) =i[A(t,x,D),Q(t)]+R(t), Q(0) = P , 

where R(t) is a smooth family of operators in OPS~°° . We do this by constructing 
the symbol q(t, x, £) in the form 

(0.9.7) q(t, x, ~ q Q (t, x, £) + qi (t, x, £) + ■ ■ ■ . 
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Now the symbol of i[A, Q(t)] is of the form 

(0.9.8) H Al q + {A , q} + i ]T ^ (A^q {a) - q^A {a) ) 

where = D^A, A^ = D^A, etc. Since we want the difference between this 
and dq/dt to have order — oo, this suggests defining qo(t, by 

(0.9.9) (--H Ai y o (t,x,Z) = 0, go(0,x,0 =Po(a:,0- 

Thus 9o(£) ^0) Co) = Po(j/0)?7o)) as i n the statement of the Theorem; therefore 
9o(t, x, £) G Sj^q. The equation (0.9.9) is called a transport equation. Recursively 
we obtain transport equations 

(0.9.10) (-- J ff Al ) ?J -(t,x,0 = 6i(*,a:,0, <7,(0, £) = 0, 

for j > 1, with solutions in S7o~ J ' leading to a solution to (0.9.6). 

Finally we show P(£) — Q(t) is a smoothing operator. Equivalently, we show 
that, for any / G H a (R n ), 

(0.9.11) v(t) - w(t) = S(t, 0)P / " 0)/ G #°°(R n ), 

where P"°°(M n ) = n s fP(M n ). Note that 

3v 

(0.9.12) — = a(*,x,£>K i;(0) = P o / 

while use of (0.9.6) gives 

dw 

(0.9.13) — = iA(t,x,D)w+g, w(0) = P f 

where 

(0.9.14) g = R(t)S(t, 0)w G C°°(R, H°°(R n )). 

Hence 

d 

(0.9.15) — (v - w) = iA(t,x,D)(v - w) - g, v(0) - w(0) = 0. 

Thus energy estimates for hyperbolic equations yield v(t) — w(t) G H°° for any 
/ G PT cr (lR n ), completing the proof. 
A check of the proof shows that 

(0.9.16) P G OPS% =^ P(£) G OP5 c 7 

Also the proof readily extends to yield the following: 
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Proposition O.9.B. With A(t, x, D) as before, 

(0.9.17) P e OPS% s =^ P(£) G OPS™ 5 

provided 

(0.9.18) p>i 8=1- p. 

One needs 5 = 1 — p to insure that p(C(t)(x, £)) G S™ 5 , and one needs p > 5 to 
insure that the transport equations generate qj(t, x, £) of progressively lower order. 

§0.10. Microlocal regularity 

We define the notion of wave front set of a distribution u G H~°°(W n ) = 
U s H s (W n ) 1 which refines the notion of singular support. If p(x, £) G S m has princi- 
pal symbol p m (x,£), homogeneous in £, then the characteristic set of P = p(x,D) 
is given by 

(0.10.1) Char P = {(x, f ) G R n x (M n \ 0) : p m (x, f ) = 0}. 

If p m (x, £) is a K x if matrix, take the determinant. Equivalently, (xo,£o) is non- 
characteristic for P, or P is elliptic at (xo,£o) 5 if |p(x,£) _1 | < C|£|~ m , for (x, £) 
in a small conic neighborhood of (xo,£o)> an d |£| large. By definition, a conic set 
is invariant under the dilations (x, £) i— > (:r,r£), r G (0, oo). The wave front set is 
defined by 

(0.10.2) WF(u) = p|{Char P : P G OPS , Pw G C°°}. 

Clearly is a closed conic subset of lR n x (R n \ 0). If ir is the projection 

(x, £) I— > x, we have: 

Proposition 0.10. A. 7r(WP(w)) = sing sitpp it. 

Proof. If xo ^ sing supp it, there is a <p G C^°(lR n ), <p = 1 near xo, such that 
ipu G Co°(lR n ). Clearly (x ,£) ^ Char </? for any £ 7^ 0, so ir(WF(u)) C sing supp 
u. 

Conversely, if xo ^ tt(W F(u)), then for any £ 7^ there is a Q G OPS such that 
(xo,£) ^ Char Q and G C°°. Thus we can construct finitely many Qj G OPS 
such that Qj-u G C°° and each (xo,£), |£| = 1 is noncharacteristic for some Qj. Let 
Q = YjQ]Qj e OPS . Then Q is elliptic near x and Qu G C°°, so u is C°° near 
x - 

We define the associated notion of ES(P) for a pseudodifferential operator. Let 
U be an open conic subset of M. n x (IR n \ 0). We say p(x,£) G S 1 ^ has order —00 
on t/ if for each closed conic set V of U we have estimates, for each N, 

(0.10.3) \D^ x Dfp(x,0\ < C af3NV (0- N , (x,0 G V. 
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If P = p(x,D) G OPS™ s , we define the essential support of P (and of p(x,^)) to 
be the smallest closed conic set on the complement of which p(x, £) has order — oo. 
We denote this set by ES(P). 

From the symbol calculus of §0.3 it follows easily that 

(0.10.4) PS(PiP 2 ) C ES(Pi) n ES{P 2 ) 

provided P 3 G OPS™* s and p x > 5 2 . To relate WF(Pu) to WF(u) and ES(P), 
we begin with the following. 

Lemma 0.10.B. Let u G H~°°(M. n ) and suppose U is a conic open set satisfying 
WF(u)nU = 0. IfP G OPS™ s , p > 0, and 5 < 1, andES(P) C U, then Pu G C°° . 

Proof. Taking Pq G OPS with symbol identically 1 on a conic neighborhood of 
ES(P), so P = PP mod OPS' 00 , it suffices to conclude that P u G C°°, so we 
can specialize the hypothesis to P G OPS . 

By hypothesis, we can find Qj G OPS such that QjU G C°° and each (x, £) G 
ES(P) is noncharacteristic for some Qj, and if Q = ^QjQjj then Qu G C°° and 
Char Q n PS(P) = 0. We claim there exists A G OPS' such that = P mod 
OPS~°° . Indeed, let Q be an elliptic operator whose symbol equals that of Q on a 
conic neighborhood of ES(P), and let Q~ x denote a parametrix for Q. Now simply 
set set A = PQ -1 . Consequently (mod C°°) Pu = AQu G C°°, so the lemma is 
proved. 

We are ready for the basic result on the preservation of wave front sets by a 
pseudodifferential operator. 

Proposition 0.10.C. If u G H' 00 and P G OPS™ s , with p > 0, 5 < 1, toen 
(0.10.5) WF(Pu) C ^F(ii) n PS(P). 



Proof. First we show WP(Pw) C ES(P). Indeed, if (x ,fo) t E S(P), choose 
<5 = q(x,D) G OPS such that q(x^) = 1 on a conic neighborhood of (xq,£o) 
and P£(Q) n P£(P) = 0. Thus QP G OPS~°°, so QPw G C°°. Hence (x ,fo) £ 
H/P(Pw). 

In order to show that W^P(Pit) C WF(u), let T be any conic neighborhood of 
WF(u) and write P = Pi + P 2 , P, G OP^, with PS(Pi) C T and PS(P 2 ) n 
WP(w) = 0. By Lemma 0.10.B, P 2 w G C°°. Thus ^F(ii) = WP(Piw) C T, which 
shows ^F(Pm) C WF(u). 

One says that a pseudodifferential operator of type (p, S), with p > and 5 < 1, 
is microlocal. As a corollary, we have the following sharper form of local regularity 
for elliptic operators, called microlocal regularity. 
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Corollary 0.10.D. If P G OPS™ 5 is elliptic, < S < p < 1, then 
(0.10.6) ^F(P«) = 

Proof. We have seen that WF(Pu) C WF(u). On the other hand, if E G OPS' J 
is a parametrix for P, we see that VFF(w) = WF(EPu) C WF(Pit). In fact, by an 
argument close to the proof of Lemma 0.10.B, we have for general P that 

(0.10.7) WF{u) C WF(Pu) U Char P. 

We next discuss how the solution operator e %tA to a scalar hyperbolic equation 
du/dt = iA(x,D)u propagates the wave front set. We assume A(x,£) G S^, with 
real principal symbol. Suppose WF(u) = E. Then there is a countable family of op- 
erators Pj(x, D) E OPS , each of whose complete symbols vanish in a neighborhood 
of E, but such that 

(0.10.8) £ = Q{(x,O:Pi(s,O = 0}. 

3 

We know that pj(x,D)u G C°° for each j. Using Egorov's Theorem, we want 
to construct a family of pseudodifferential operators qj(x,D) G OPS such that 
qj(x, D)e ltA u G C°°, this family being rich enough to describe the wave front set 
of e itA u. 

Indeed, let qj(x, D) = e ltA pj{x, D)e~ ltA . Egorov's Theorem implies that qj(x, D) G 
OPS , (modulo a smoothing operator) and gives the principal symbol of qj(x,D). 
Since Pj(x, D)u G C°°, we have e ttA pj(x, D)u G C°°, which in turn implies qj(x, D)e ltA u G 
C°°. From this it follows that W F(e ltA u) is contained in the intersection of the 
characteristics of the qj{x,D), which is precisely C(t)E, the image of E under the 
canonical transformation C(t), generated by Ha 1 - In other words, 

WF(e itA u) C C(t)WF(u). 

However, our argument is reversible; u = e~ ltA (e ltA u). Consequently, we have: 

Proposition 0.10.E. If A = A(x,D) G OPS 1 is scalar with real principal symbol, 
then, for u G H~°°, 

(0.10.9) WF(e ltA u) = C(t)WF(u). 

The same argument works for the solution operator S(t, 0) to a time-dependent 
scalar hyperbolic equation. 
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§0.11. LP estimates 

As shown in §0.2, if p(x,D) e OPS® s , < S < 1, then its Schwartz kernel 
K(x, y) satisfies estimates 

(0.11.1) \K(x,y)\ <C\x-y\- n , 

and 

(0.11.2) \V XtV K(x,y)\ <C\x-y\- n -\ 

Furthermore, at least when 5 < 1, we have an L 2 bound: 
(0.11.3) \\Pu\\ L 2 < K\\u\\ L 2, 

and smoothings of these operators have smooth Schwartz kernels satisfying (0.11.1)- 
(0.11.3) for fixed C,K. Our main goal here is to sketch a proof of the following 
fundamental result of Calderon and Zygmund. 

Theorem 0.11. A. Suppose P : L 2 (IR n ) — > L 2 (IR n ) is a weak limit of operators 
with smooth Schwartz kernels satisfying (0.11.1)-(0.11.3) uniformly. Then 

(0.11.4) P : L p (R n ) — ► L p (IR n ), 1< p < oo. 



The hypotheses do not imply boundedness on L 1 (IR n ) or on L°°(IR n ). They will 
imply that P is of weak type (1,1). By definition, an operator P is of weak type 
(q, q) provided that, for any A > 0, 

C 

(0.11.5) meas {x : \Pu(x)\ > A} < -^\\u\\ q Lq . 

Any bounded operator on L q is a fortiori of weak type (q, q), in view of the simple 
inequality 

1 

(0.11.6) meas {x : \u(x)\ > A} < — 

A 

A key ingredient in proving Theorem 0.11. A is the following result. 

Proposition 0.11.B. Under the hypotheses of Theorem 0.11. A, P is of weak type 
(1,1). 

Once this is established, Theorem 0.11. A will then follow from the next result, 
known as the Marcinkiewicz Interpolation Theorem. 
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Proposition 0.11.C. If r < p < q and if P is both of weak type (r, r) and of weak 
type (q,q), then T : L p -> LP. 

See [SI] for a proof of this result. Also in [SI] is a proof of the following de- 
composition lemma of Calderon and Zygmund. These results can also be found in 
Chapter 13 of [[Tl]]. 

Lemma 0.11.D. Let u G L 1 (IR n ) and A > be given. Then there exist v,Wk G 
L 1 (M n ) and disjoint cubes Qk, 1 < k < oo, with centers Xk, such that 

(0.11.7) u = v + ^2w k , \\v\\ L i +^2\\w k \\ L i <3\\u\\ L i, 



(0.11.8) \v(x)\<2 n \, 



(0.11.9) J Wk(x) dx = and supp Wk C Qk, 

(0.11.10) rneas(Q k ) < A -1 ||u|| L i. 



One thinks of v as the "good" piece and w = w k as the "bad" piece. What is 
"good" about v is that \\v ||| 2 < 2 n A||w||ii, so 

(0.11.11) \\Pv\\ 2 L 2 < K 2 \\v\\ 2 L2 < 4 n K 2 X\\u\\ L i. 

Hence 

(0.11.12) meas {x : \Pv(x)\ > -} < CA||u|| L i. 

To treat the action of P on the "bad" term w, we make use of the following 
essentially elementary estimate on the Schwartz kernel K. 

Lemma 0.11.E. There is a C < oo such that, for any t > 0, if \y\ < t, x G M n , 
(0.11.13) J \K(x,x +y)-K(x,x )\dx<C . 

\x\>2t 
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To estimate Pw, we have 

Pw k (x) = J K(x,y)w k (y)dy 

(0.11.14) r 

= / [K(x,y) - K(x,x k )]w k (y)dy. 

Qk 

Before we make further use of this, a little notation: Let Q* k be the cube concentric 
with Q fc , enlarged by a linear factor of 2n 1 / 2 , so meas Q* k = (4n) n / 2 meas Qk- For 
some tk > 0, we can arrange that 

Qk C {x : \x - x k \ < t k } 
( °' n ' 15) Y k =R n \Qlc {x:\x- x k \ > 2t k }. 

Furthermore, set O = U<2£, and note that 

(0.11.16) meas O < \ \u\ L x 

A 

with L = (4n) n / 2 . Now, from (0.11.14), we have 



\Pwk(x) \ dx 

Yk 

(0.11.17) < J J \K(x + x k ,y) - K(x + x k ,x k )\ ■ \w k (y + x k )\dxdy 

\y\<t k , \x\>2t k 

< C \\w k \\ L i, 
the last estimate using Lemma 0.1 I.E. Thus 

(0.11.18) J |P«;(x)|da;<3Co||u||Li. 

R n \<D 

Together with (0.11.16), this gives 

(0.11.19) ^ meas jz : \Pw(x)\ > ^| < Ci||w|| L i, 

and this estimate together with (0.11.12) yields the desired weak (1,1) estimate: 

C 

(0.11.20) meas {x : \Pu{x)\ > A} < — ^ ||w|| L i. 

A 
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This completes the proof. 

We next describe an important generalization to operators acting on Hilbert 
space valued functions. Let Hi and H 2 be Hilbert spaces and suppose 

(0.11.21) P:L 2 (R n ,Wi) — >L 2 (R n ,H 2 ). 

The P has an C(Hi, 7i2)-operator valued Schwartz kernel K. Let us impose on K 
the hypotheses of Theorem 0.11. A, where now \K(x,y)\ stands for the £(Hi,Ti, 2 )- 
norm of K(x,y). Then all the steps in the proof of Theorem 0.11. A extend to this 
case. Rather than formally state this general result, we will concentrate on an 
important special case. 

Proposition 0.11.F. Let P(£) G C°°(M n , C{H U H 2 )) satisfy 

(0.11.22) ii^(e)iU( Wl ,H 2 )<c a (e)- |a| 

for all a > 0. Then 

(0.11.23) P(D) : L p (R n , Hi) — > L p (R n , H 2 ) for 1< p < 00. 

This leads to an important circle of results known as Littlewood-Paley Theory. 
To obtain this, start with a partition of unity 

(0.11.24) 1 = 5>^) 2 

3=0 

where <pj £ C°°, <^o(0 is supported on |£| < 1, <^i(£) is supported on 1/2 < |£| < 2, 
and v?j (0 = v?i(2 1- 4) for j > 2. We take H x = C, H 2 = £ 2 , and look at 

(0.11.25) $ : L 2 (R n ) — ► L 2 (R n 7 £ 2 ) 

given by 

(0.11.26) *(/) = {<p (D)f, ^(D)/, <p 2 (D)f, . . . ) . 

This is clearly an isometry, though of course it is not surjective. The adjoint 

$* : L 2 (R n J 2 ) — ► L 2 (M n ), 

given by 

(0.11.27) <f>*(g , gi ,g 2 ,...) = J2vj (D) 9j 
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satisfies 

(0.11.28) = / 

on L 2 (R n ). Note that $ = $(£>), where 

(0-11.29) = (^ (0,Vi (0,V2(0, •••)• 

It is easy to see that the hypthesis (0.11.22) is satisfied by both <&(£) and $*(£)• 
Hence, for 1 < p < oo, 

$ : L p (IR n ) — > L p (R n ,£ 2 ) 
(0.11.30) 

$*:L P (RV) — >L P (IT). 



In particular, $ maps L p (IR n ) isomorphically onto a closed subspace of L p (IR n ,£ 2 ), 
and we have compatibility of norms: 



(0.11.31) 

In other words, 



M| LP ~ ||$w||x,p( 



(0.11.32) 



c p \\u\\ LP < \\J2\^( D ) u \ 

3=0 



1/2 



< C n \\u 



LP 



p\\U\\LP, 



for 1 < p < oo. This Littlewood-Paley estimate will be used in Chapter 2. 

§0.12. Operators on manifolds 

If M is a smooth manifold, a continuous linear operator P : C^°(M) — > V(M) 
is said to be a pseudodifferential operator in OPS™ s (M) provided its Schwartz 
kernel is C°° off the diagonal in M x M, and there exists an open cover fij of 
M, a subordinate partition of unity ipj, and diffeomorphisms Fj : fij — > C M n 
which transform the operators tpkP^j '■ ~~ * £'(^fc) m to pseudodifferential 

operators in OPS™ s , as defined in §0.1. 

This is a rather "liberal" definition of OPS™ s (M). For example, it poses no 
growth restrictions on the Schwartz kernel K E V'(M x M) at infinity. Conse- 
quently, if M happens to be IR n , the class of operators in OPS™ s (M) as defined 
above is a bit larger than the class OPS™ s defined in §0.1. One negative con- 
sequence of this definition is that pseudodifferential operators cannot always be 
composed. One drastic step to fix this would be to insist that the kernel be prop- 
erly supported, so P : C£°(M) — > Cq°(M). If M is compact, these problems do not 
arise. If M is noncompact, it is often of interest to place specific restrictions on K 
near infinity, but analytical problems inducing one to do so will not be studied in 
this monograph. 
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Another way in which the definition of OPS™ s (M) given above is liberal is that it 
requires P to be locally transformed to pseudodifferential operators on M n by some 
coordinate cover. One might ask if then P is necessarily so transformed by every 
coordinate cover. This comes down to asking if the class OPS™ s defined in §0.1 is 
invariant under a coordinate transformation, i.e., a diffeomorphism F : lR n — > lR n . It 
would suffice to establish this for the case where F is the identity outside a compact 
set. 

In case p G (1/2,1] and 5 = 1 — p, this invariance is a special case of the 
Egorov Theorem established in §0.9. Indeed, one can find a time-dependent vector 
field X(t) whose flow at t = 1 coincides with F and apply Theorem 0.9. A to 
iA(t, x, D) = X(t). Note that the formula for the principal symbol of the conjugated 
operator given there implies 

(0.12.1) p(l,F(x),0=Po(x,F , (x) t O, 

so that the principal symbol is well defined on the cotangent bundle of M. 

Alternatively, one can insert the coordinate changes into the Fourier integral 
representation of P and work on that. This latter approach has the advantage of 
working for a larger set of symbol classes S™ s than the more general conjugation 
invariance applies to. In fact, one needs only 

P>\ P + S>1. 

A proof of this can be found in [HI], [T2]. While this coordinate invariance is good 
to know, it will not play a crucial role in the analysis done in this monograph. 
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Chapter 1: Symbols with limited smoothness 



Here we establish some very general facts about symbols p(x, £) with limited 
smoothness in x. We prove some operator bounds on p(x, D) when p(x, £) is homo- 
geneous in £. 

In §1.2 we show that these simple results lead to some easy regularity theorems, 
for solutions to an elliptic PDE, F{x, D m u) = /, under the assumption that u al- 
ready possesses considerable smoothness, e.g., roughly 2m derivatives. Though this 
is a rather weak result, which will be vastly improved in Chapters 2 and 3, neverthe- 
less it has some uses, beyond providing a preliminary example of techniques to be 
developed here. For example, when examining local solvability of F(x, D m u) = f, 
one can use a Banach space implicit function theorem to find u G H s with s large, 
and then apply such a regularity result as Theorem 1.2.D to obtain local C°° solu- 
tions. 

One key tool for further use of symbols introduced here is to write p(x, £) = 
p^(x,£) + p b (x^), with p^(x,£) a C°° symbol, in S™ s , and p h {x^) having lower 
order. This symbol decomposition is studied in §1.3. 

§1.1. Symbol classes 

We introduce here some general classes of symbols p(x,£) which have limited 
regularity in x. To start with, let X be any Banach space of functions, such that 

(1.1.1) C °°ClC C°. 
We say 

(1.1.2) P (x,o e xs? fi <=► n^x-,e)iu < Ca(e> m - |Q| , a > 0. 

For applications, we will generally want X to be a Banach algebra under pointwise 
multiplication, and more specifically 

/eC°°(R), ueX^ f{u)ex- 

(1.1.3) 

/ maps bounded sets to bounded sets in X. 

Such an X as we consider will usually be one of a family {X s : s 6 S} of spaces, 
known as a scale. The set E will be of the form [a , oo) or (cr , oo), and we assume 

(1.1.4) X s Cl t ift<s, 
provided t, s G E, and, if s G E, m G Z + , then s + m G E and 

(1.1.5) OPD m :X s+m — >X S , 
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where OPD m denotes the space of differential operators of order m (with smooth 
coefficients). 

Examples of scales satisfying the conditions above are 

(1.1.6) X s =C s (R n ), S = [0,oo) 
and 

(1.1.7) X s = H s > p (R n ), E = (n/p, oo), 

for any given p G [1, oo). In (1.1.6), C s is the space of C k functions whose k th 
derivatives satisfy the Holder condition 

(1.1.8) \u(x + y)-u(x)\ <C\y\", \y\ < 1, 

where s = k + a, < a < 1. The spaces (1-1.7) are Sobolev spaces. 
We say {X s } is microlocalizable if, for mel, s, s + m G E, 

(1.1.9) OPS^ : X s+m — ► X s . 

The Sobolev spaces (1-1.7) have this property provided p G (l,oo). The property 

(1.1.9) fails for the spaces C s if s is an integer. In such a case, one needs to use the 
Zygmund spaces 

(1.1.10) X s = C°(R n ), E = (0,oo), 

which coincide with C s is s is not an integer, but differ from C s if s is an integer. 
Some important properties of Sobolev spaces and Zygmund spaces are discussed in 
Appendix A. 

We will say p(x, f ) G XS%, or merely XS m , provided p(x, £) G XS^ and p(x, C) 
has a classical expansion 

(1.1.11) p(*,0~Z>i(*,fl 

i>o 

in terms homogeneous of degree m — j in £ (for |£| > 1), in the sense that the 
difference between p(x,£) and the sum over j < N belongs to XS™q N . 
As usual, we define the operator associated to p(x, £) 

(1.1.12) p(x, D)u = J p(x, m e lx< di. 
We also consider p{D, x), defined by 

(1.1.13) p(D, x)u = (2n)- n J j p{y, § e l ^< u{y) dy d£. 

We now derive some mapping properties for the operators (1.1.12) (1.1.13) , in the 
case p(x,£) G X s S™. The analogues for p(x,£) G X S S™ are somewhat harder to 
establish. These will be discussed in §2.1. 



36 



Proposition 1.1. A. Assume {X s } is a microlocalizable scale. If m G R, s G 
E, p(a;,f) G X S S™, i/ien 

(1.1.14) p(x,D) : X s+m — > X s if s + mGE, 
and 

(1.1.15) p(D,x): X s — >X s ~ m ifs-m G E. 

Proof. Considering p(:r, -D)(l — A) _m / 2 and (1 — A)~ m / 2 p(D, x), respectively, it 
suffices to treat the case m = 0. Via such decompositions as 

(1.1-16) Po(s,0 = X^ ^^^)' 

where G C°°(S' n ~ 1 ) are the spherical harmonics, such mapping properties are 
easily established. The operators u>i(D) have norms bounded by C(/) K , if hypoth- 
esis (1.1.9) holds, while the factors poi have rapidly decreasing norms as I — > oo. 

Note that po(D,x)u = ^2u>i(D)(poiu). 

i 

It is worthwhile to record the following generalization. If X and Y are two 
Banach spaces satisfying (1.1.1), we say X is a V-module if pointwise multiplication 
gives a continuous bilinear map Y x X — ► X. 

Proposition 1.1. B. If {X s } is microlocalizable andp(x,£) G YS™, then the map- 
ping properties (1.1.1\)-(1.1.15) hold, provided X s is a Y -module. 

In fact, it is sometimes useful to consider a scale {X s } for s in a larger interval 
E (containing E), on which (1.1.1) might not hold. For example we can consider 
X s = H s ' p (W n ) 1 for s G M. In this more general situation, if Y is a Banach space of 
functions satisfying (1.1.1) and X s is a Banach space of distributions, we say X s is 
a y-module provided there is a natural continuous product Y x X s — > X s . It is 
clear that Proposition 1.1. B generalizes to this case. 

It is occasionally even useful to consider p(x, £) G YS™q for a Banach space Y 
of distributions not satisfying (1.1.1). For such a case, one would tend to have 
m < and consider only p(D,x). The following result follows in the same way as 
Proposition 1.1. A and Proposition 1.1. B. 

Proposition 1.1. C. Let X S ,Y,Z and W be Banach spaces of distributions, and 
assume p(x,£) G YS™. Then 

(1.1.17) p(D,x):Z — >X S 

provided pointwise multiplication yields a continuous bilinear map 



(1.1.18) 



Y x Z — >W 
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and 

(1.1.19) OPS£:W — >X S . 

A basic family of special cases of (1.1.18) is 

(1.1.20) H- s > p (R n ) x H r,q (R n ) — > ii"- s ' p (R n ), 
with 

11 r? 

(1.1.21) _ + _ = i r>-, 0<s<r, 

p q q 

which follows by duality from H 8,q x H r,q — > H s,q . 

§1.2. Some simple elliptic regularity theorems 

Throughout this section we suppose {X s : s G £} is a microlocalizable scale. 
Suppose we have an elliptic differential operator of order m, 



A(x,D) = a «( x ) ° a > 



\a\<m 



with coefficients in X s , where s is an element of S. Then we can take p(x,£) G 
X s S^™, equal to A(x,$ > )~ 1 for |£| large. The formal transpose of A(x,D) is given 
by 

(1.2.1) A(x,DYu= (-D) a a a (x)u, 

\ce\<m 

and we have 

p(D,x)A(x,D)u = J "j \(y,S)[A(y,D)u(y)\S x -vK dyd^ 
(L2 - 2) =JJ u(y) A(y, Df [p(y, £) e '(*-vK] dy df 



= u + Ru 



where 



(1.2.3) Ru(x) = J J u(y)R(y, £) e ^-f K dy d ^ 
Here 

(1.2.4) R(y, = e^i4(y, D)* [p(y, fle"**] - 1 
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with 

(1.2.5) '•,(.</•£).:. A" '.S;,-'. 
From (1.1.15) of Proposition 1.1. A, it follows that 

(1.2.6) r j(D, x) : X s ~ j — >X S , ifs-jeE, 
so 

(1.2.7) R : X s ' 1 — ► X s , ifa-meS. 
Now if 

(1.2.8) A(x,D)u = f 
then 

(1.2.9) u = p(D,x)f - Ru. 

Since p(D, x) : A r — > x r+m for r < s, we have most of the proof of the following 
regularity result. 

Theorem 1.2. A. Let A(x,D) be an elliptic differential operator with coefficients 
in X s ; assume s — m G E. Assume A(x, D)u = f G A r , and assume a priori that 
u G X s ~ x . Then u G X r+m , provided r = s — m + k, k = 0, 1, . . . , m 

Proof. A look at (1.2.9) shows that u G X s under these hypotheses, which covers the 
case r = s-mof the theorem. We now treat the cases r = s — m + /c, k = 1, . . . , m. 
Thus we suppose / G X s ~ m+k . By induction, we can assume u G X s+k ~ 1 . 
Let up = D^u. If \p\ < k, applying D 13 to (1.2.8) gives 

(1.2.10) D a up = D?f- (Qp ff "«(*)]0 o+7 « 

|o?|<m |a|<m 

= G A s_m , 

where in the second sum, a + 7 = ,9, |7| < — 1. Now we can regard 

(1.2.11) A(x, D)up = F p G A s " m , |/?| < k, 

as an elliptic system, to which the k = case of our theorem applies, since u G 
X s+k ~ x =^ it^ G A s_1 . This completes our inductive step and proves the rest of 
the theorem. 

Though it is desirable to have results for less regular coefficients, nevertheless 
Theorem 1.2. A leads to some useful regularity results for solutions to nonlinear 
elliptic PDE, as we now show. Consider the equation 

(1.2.12) a a (x,D m - 1 u)D a u = f. 

\a\<m 

Assume it is elliptic of order m, the coefficients a a (xX) being smooth in their 
arguments. 
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Theorem I.2.B. Assume (1.2.12) holds with f G X s ; assume u G X s+m_1 , so 
that one has a a (x, D m ~ l u) G X s , and assume s — m G E. TTien u G X s+m . 

Proof. With a a (x) = a a (x, D m_1 w), the case r = s of Theorem 1.2. A applies. 

Corollary 1.2.C J/u G X^™" 1 sofees (1.2.12) wii/i / G C°°, and 
s - m G E, i/ien it G C°°. 

We also note the following regularity result for solutions to a completely nonlinear 
PDE 

(1.2.13) F(x,D m u) = f, 

assumed to be elliptic, F = F(x, () being smooth in its arguments, £ = (£ a : \a\ < 
m). 

Theorem I.2.D. Assume u G X s+m solves (1.2.13), with f G X s+1 , and that 

(1.2.13) is elliptic. Then u G X s+m+1 , provided s - m G E. 

Proof. Set Uj = du/dxj. Then differentiating (1.2.13) with respect to xj gives 

(1.2.14) V ^(x,D m u)D a Uj = -F Xj {x,D m u) + |^ 

= fi e X s . 

As a PDE for Uj, this has similar structure to the quasi-linear PDE (1.2.12), and 
the analysis proving Theorem 1.2.B applies. 

Clearly Corollary 1.2.C has an analogue in this case, when one assumes a priori 
that u G X s+m . 

The main drawback of these results is the hypothesis that s — m G E, which 
requires that s > m + n/p in case (1.1.7) and s > m in case (1.1.10). We will 
obtain sharper results which include the classical results of Schauder in §2.2, after 
developing stronger tools in §1.3— §2.1. Here we note a simple improvement that can 
be made if we use Proposition 1.1. C to tighten up the reasoning leading to (1.2.7). 

Namely, suppose the scale {X s : s G E}, satisfying (1.1.1), (1.1.3), (1.1.9), is 
enlarged to {X s : s G E}, satisfying (1.1.9). To get (1.2.7), one really needs in 
(1.2.6) only that 

rj(D, X) : X s " 1 — ► X s , for r 3 {x^) G X S ^S~ J . 

In some cases one can get this with s — j G E \ E. As noted in Proposition LLC, 
this happens if multiplication gives a continuous bilinear map 



(1.2.15) X S ~ J x X s " 1 — ► X s ~ j , 



, m. 
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For example, if X s = H s (R n ), this holds as long as s > n/2 + 1 and s > (m+ l)/2. 
This is an improvement over Theorem 1.2. A, which would require s > n/2 + m. 
Nevertheless, it is not nearly as good an improvement as will be obtained in §2.2. 

§1.3. Symbol smoothing 

Our goal in this section is to write a symbol G X 8 S™ as a sum of a 

smooth symbol and a remainder of lower order. The smooth part will not belong 
to S™ , but rather to one of Hormander's classes S™ s . 

We will use a partition of unity 

oo 

(1.3.1) 1 = X^-(£), ^ supported on (£> ~ 

i=o 

such that ipj(£) = ipi(2 1 ~^) for j > 2. To get this, you can start with positive 

V>o(f)» ec l ual to 1 for If I ^ !»° for If I > 2 > set = V'o(2" i 5 and set V>,(f) = 

^j(0 — f° r 3 > 1- We will call this an 5° partition of unity. It is also 

sometimes called a Littlewood-Paley partition of unity. 
Given p(x, f ) G X S S'^ , choose 5 G (0, 1] and set 

oo 

(1.3.2) p # (x,o=z;^p(^ov'i(o 

J=0 

where J e is a smoothing operator on functions of x, namely 

(1.3.3) JJ(x) = <f>(eD)f(x) 

with G C£°(R n ), 0(0 = 1 for |f | < 1 (e.g., (f> = if) ), and we take 

(1.3.4) ej = 2-> 5 . 

We then define p b (x,^) to be p(x,f) — p#(x,t;), so our decomposition is 

(1.3.5) p(x,0 =P # (x,0+P 6 (^0- 
To analyze these terms, we use the fo lowing simple result. 

Lemma 1.3. A. If {X s : s E T,} is a microlocalizable scale, then, for 
6G(0,1], 

(1-3-6) \\D%JJ\\ X s<Cfie-W\\f\\ X s 
and 

(1.3.7) 11/ - Jef\\x>-* < Ce*||/||A-« fors,s-teZ, t>0. 
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Proof. The estimate (1.3.6) follows from the fact that, for each (3 > 0, 

€ m D p x (f)(eD) is bounded in OPS% 

and the estimate (1.3.7) follows from the fact that, with A = (1 — A) 1 / 2 , 

A* : X s — > X s ~ f isomorphically, if s, s - t G E, 
plus the fact that 

e _ *A-*(l - 0(eD)) is bounded in OPS%, 

for < e < 1. 

Using this, we easily derive the following conclusion. 

Proposition I.3.B. If {X s } is a microlocalizable scale andp(x,£) G X 8 S™ , then, 
with the decomposition (1.3.5) defined by (1.3.2)-(1.3.4), we have 

(1.3.8) p#(z,0eSft 
and 

(1.3.9) /(^Oer-^ i/M-teS. 



Proof. The estimate (1.3.6) yields 

(1.3.10) n^> # (-,e)iix S < c^(o m " |a|+5|/31 , 

which implies (1.3.8) since X s G C°. Similarly (1.3.9) follows from (1.3.7). 

A primary class of symbols we will deal with is C S S™ 07 equal to C%S™ for 
s G IR + \ Z + , and contained in the latter for s G Z + . We can obtain more precise 
results on the decomposition of p(x,£) G C s S™o by the following supplement to 
Lemma 1.3. A. 

Lemma I.3.C. Given f G C s , s > 0, we have 

\\D P X Jef\\L~ < C\\f\\ C ., \P\<8, 

Ce-lW-')\\f\\ c ., \fi\>8, 

and 



(1.3.12) 



\\f-JJ\\ L ™<C s e s \\f\\cs. 
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Proof. The first estimate in (1.3.11) (for \j3\ < s) is trivial. If \j3\ > s, we have, for 



\\Df><KeD)f\\ L - <Y,\\D%(D)f\\ L ~ 

l<3 

(1.3.13) <C^ m \MD)fh- 

l<3 

<cY J ^ m ^- ls \\f\\c l . 

l<3 

Since Y.i< 3 ^ m ~ s) < C s 2^^~^ for s < \0\, we have the rest of (1.3.11). To 
obtain (1.3.12), if e ~ 2~ J , we have 

(1.3.14) ||(1 - <KeD))f\\ L - < \MD)fh- < Cj2^ ls \\f\\c^ 

l>3 l>3 

and since J2i>j 2 "' s < C s 2~^ s for s > 0, we have (1.3.12). 

Exploiting (1.3.11) gives the following improvement of (1.3.8). 
Proposition I.3.D. Ifp(x,£) G C s S™o has decomposition (1.3.5), then 

DSp*(x,t)eS% for\p\<s, 
ST; Sm ~ s) for \(3\ > s. 

In the course of using the decomposition (1.3.5), we will find it helpful to have 
the following generalization of X S S™ , at least for X s = C s or C%. For S G [0, 1], 
we say p(x,£) belongs to C%S™ S provided 

(1-3.16) \D^p(x,0\<C a (O m - la] 
and 

(1.3.17) \\Dtp{',t)\\c> <C a {0 m -^ +sS . 
We will say p(x,£) G C 8 S™ 5 if, in addition 

(1.3.18) P?p(-,0llci < C a (0 m - H+j5 for < j < s. 

Thus we make a semantic distinction between C^S™ 5 and C S S™ S , even when s £ Z + , 
in which case Ci and C s coincide. 
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Proposition I.3.E. Ifp(x,£) G C S S™ , then, in the decomposition (1.3.5), 
(1.3.19) p b (x,Z)eC s S™i sS . 



Proof. That p b (x^) satisfies an estimate of the form (1.3.17), with m replaced by 
m — sS, follows from (1.3.7), with t = 0. That, for integer j, < j < s, we have an 
estimate of the form (1.3.18), with m replaced by m — s5, follows from (1.3.12) and 
its easy generalization 

(1.3.20) ||/- JJ\\ ci <C e s -i\\ f\\cs, 0<j<s, 

and from the simple estimate \\f — J e f\\ci < CII/llc*^ m case s = j is an integer 
(which in turn follows from the first part of (1.3.11). 

It will also occasionally be useful to smooth out a symbol p(x,^) G C S S™ 5 , for 
5 G (0, 1). Pick 7 G (5, 1) and apply (1.3.2), with e 3 = 2~^- 5 \ obtaining p*{x^) 
and hence a decomposition of the form (1.3.5). In this case, we obtain 

(1.3.21) p(x,0 G C S S^ S ^p*{x^) G S^, p b (x,£) G C S ST- (1 - S)S . 
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Chapter 2: Operator estimates 
and elliptic regularity 

In order to make use of the symbol smoothing of §1.3, we need operator estimates 
on p(x,D) when p(x,£) G C S S™ 5 . We give a number of such results in §2.1, most 
of them following from work of Bourdaud [BG]. The main result, Theorem 2.1. A, 
treats the case 5 = 1. This will be very useful for the treatment of paradifferential 
operators in Chapter 3. 

In §2.2 we derive a number of regularity results for nonlinear elliptic PDE, in- 
cluding the classical Schauder estimates, and some variants. Section 2.3 gives a 
brief treatment of adjoints of operators with symbols in C r S\ . In §2.4 we prove 
a sharp Garding inequality for p(a;,£) G C r S™Q. We use the symbol decomposition 
p(x,£) = p^(x, £) + p b (x^) in such a manner that we can apply the Fefferman- 
Phong inequality to p#(x,D) and crudely bound p b (x 7 D). We also establish an 
"ordinary" Garding inequality which will be useful. 

§2.1. Bounds for operators with nonregular symbols 

It is more difficult to establish continuity of operators with symbols in X s SY l , 
and other classes which arose in Chapter 1, than those with symbols in X s S™, but 
very important to do so, in order to exploit the symbol smoothing of §1.3. Most of 
our continuity results will be consequences of the following result of G. Bourdaud 
[BG], itself following pioneering work of Stein [S2]. 

Theorem 2.I.A. // r > and p G (l,oo), then, for p(x,f) G C££ft, 

(2.1.1) p(x, D) : H s+m > p — ► H s > p 
provided < s < r. Furthermore, under these hypotheses, 

(2.1.2) p(x,D):C s + m ^Ct. 



We will present Bourdaud's proof below. First we record some implications. 
Note that any p(x, £) G S™i satisfies the hypotheses for all r > 0. Since operators in 
OPS™ 5 possess good multiplicative properties for 5 G [0, 1), we have the following: 

Corollary 2.I.B. If p(x,£) G S™ s , < 5 < 1, we have the mapping properties 
(2.1.1) and (2.1.2) for all set. 

It is known that elements of OPS® ! need not be bounded on L p , even for p = 2, 
but by duality and interpolation we have the following. 
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Corollary 2.I.C. Ifp(x,D) andp(x,D)* belong to OPS^, then (2.1.1) holds for 
all set. 

The main thesis of Bourdaud [BG] is that OPS™! H (OPS 1 ^)* possesses good 
algebraic properties as well as good mapping properties. See also Hormander [H2], 
[H4]; he characterizes these operators by the behavior of their symbols. 

The following result will be of great use to us. 

Proposition 2.I.D. If p G (l,oo) andp(x,£) G C S S™ , then 

p(x, D) : H r+m > p — ► H r ' p 

(2.1.3) 

p(x,D)-.c: +m — c:, 

privided —s<r<s. 

Proof. It suffices to take m = 0. The result follows from (2.1.1) if < r < s, so it 
remains to consider r G (— s,0]. For this, we make the decomposition (1.3.5), i.e., 

(2.1.4) p(x,0=P*(x,0 +P b (x,0, P*(x,0 e Sis, p b (x,0 G C s S~f, 

with 5 G (0,1). Now Corollary 2.1.B applies to p#(x,D). Meanwhile, applying 
(2.1.1) to p b (x, D) with m = —s5 gives 

p b {x, D) : H a - sS > p — > ^' p (: CT S<5 — > C* ), < a < s. 

Picking 5 close to 1 then yields (2.1.3) (with m = 0) for — s < r < 0. 

The following extension will also be useful. 

Proposition 2. I.E. Ifp(x,£) G C 8 Si S , with s > 0, 5 G (0,1), then, for 1 < p < 
oo, 

(2.1.5) p(x, D) : ^ r ' p — > ^ r ' p (: d — > C, r ) /or - (1 - <J)s < r < s. 



Proof. Use the decomposition p = p# + p b having the property (1.3.21), with 5 < 
7 < 1, m = 0. Applying the proof of Proposition 2.1.D to p b {x,D), and letting 
7 — > 1, we obtain (2.1.5). 

We prepare to prove Theorem 2.1. A. Following [BG], and also [Ma], we make use 
of the following results from Littlewood-Paley theory, whose proofs can be found 
in §A.l. 
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Lemma 2.I.F. Let fk G 5'(IR n ) be such that, for some A > 0, 
(2.1.6) suppf k C : A-2 k ~ x < |f| < A-2 k+1 }, k > 1. 

Say /o /ias compact support. Then, for p G (1, oo), s G R, roe have 



(2.1.7) 



EMI^scIKE^im 2 } 1 ' 2 



fc=0 



fc=0 



LP 



If fk = <Pk(D)f, with (fk supported in the shell defined by (2.1.6) and bounded in 
SI q, then the converse of the estimate (2.1.7) also holds. 

Lemma 2.I.G. Let f k G S'(R n ) be such that 

(2.1.8) suppf k C {£ : ICI < A ■ 2 fc+1 }, k>0. 

Then, for p G (1, oo), s > 0, we have 



(2.1.9) 



fc=0 



fc=0 



LP 



The next ingredient is a symbol decomposition to replace (1.1.16). This is nec- 
essarily more complicated for symbols in C^S^i than for X S S™. We begin with the 
^-partition of unity (1.3.1), and with 



3=0 j=0 



(2.1.10) 

Now, let us take a basis of L 2 (l/2 < |£| < 2) of the form 



iei (1 - n)/ v^i^ 3 o; / (^)=^(e), 



and write (for j > 1) 

(2.1.H) pAx,0 = 52pM*)M 2 ~ j t)1>T(Z)> 



k,l 



where V'i (0 has support on 1/2 < |£| < 2 and is 1 on supp ipi, ipf(C) = 
ijjf (2~i +1 l;), with an analogous decomposition for po(C)- Inserting these decom- 
positions into (2.1.10) and summing over j, we obtain p(x,£) as a sum of a rapidly 
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decreasing sequence of elementary symbols. By definition, an elementary symbol 
in C^S® s is of the form 

oo 

(2.1.12) q(x,0 = Y t ^(x)MO, 

k=0 

where cpk is supported on (£) ~ 2 k and bounded in S®, in fact = ¥'i(2 -fc+1 0) 

for k > 2, and Qk(x) satisfies 



(2.1.13) |Q fc (x)| <C, HQfcllc- <C-2 krS . 

For the purpose of proving Theorem 2.1. A, we take 8 = 1. It suffices to estimate 
the i/" r ' p -operator norm of q(x,D) when £) is such an elementary symbol. 

Set Qkj(x) = tpj(D)Qk(x), with {^j} the S® partition of unity described above. 
Set 

fc-4 k+3 oo 

, , = 5^{$^<5fcj(2 ; )+ <5fcj(^)+ 5^ <5fcj(^)}^(0 

(A 1 - 14 ) k j=0 J=fc-3 j=fc+4 

To estimate q(x,D)f, let = <pk(D)f. By Lemma 2.1.F, since (£) ~ 2 J on the 
spectrum of Qkj, 



oo k— 4 

(2-1.15) °° ... 



<^||(E 4fcs iM 2 }" 



I LP 



fc=4 



<C||/||h-, 

for all set. 

To estimate q 2 (x,D)f, note that HQ&jHl- < C • 2-J' r+fcr . Then Lemma 2.1.G 
implies 



(2.1.16) \\q 2 (x,D)f\\ Ha , P < C||{^4 fcs |M 2 } 1/2 || LP < C||/|| h ..p, 



1 fcs I f 1 2 1 I/ 2 | 

k=0 

for s > 0. 



To estimate qs(x,D)f, we again apply Lemma 2.1.F, to obtain 

oo j—4 

n. .f,\ 2 \ 1/2 \\ 



\\q 3 (x,D)f\\ Hs , P <C\\{ E 4 ' S E^M } 
(2.1.17) ' 1 * =0 



oo j — 4 2 1 < 2 

<^||{E 4J(s " r) (E 2fcr iM) } 

j=4 k=0 



LP 
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3\i 



Now, if we set g 3 = J2k=o 2(k ~ j)r \fk\ and then set G 3 = V s 9i and F 3 = 2^ s \f. 
we see that G 3 = X^l=o 2^ fc ~ J ^ r_s " ) i ? : /. ^ s ^ on S as r > s, Young's inequality yields 
\\(G 3 )\\p < C||(Fj-)||^, so the last line in (2.1.17) is bounded by 



oo 

js \ t 1 21 1 / 2 \ 



c||{£4 J 'Uf} f \\ LP <c\\f\\ H ^. 

3=0 

This proves (2.1.1). 

The proof of (2.1.2) is similar. We replace (2.1.7) by 

(2.1.18) ~SUp2 fc lV> fe (£>)/||I,oo 
fc>0 

We also need an analogue of Lemma 2.1.G: 

Lemma 2.I.H. // f k e S'(R n ) and supp f k C : |f | < A • 2 fc+1 }, then, for r > 0, 

oo 

(2-1.19) E^IU <Csup2 kr \\f k \\ L ~. 

ifcS * k ^° 



Proof. For some finite N, we have ip 3 (D) ^2 k>0 fk = V'j'(^) Yl fk- Suppose that 

k>j-N 

sup fc 2 kr IIMUoo = 5. Then 

^•(D)J]/ fc | ^ 2" fcr < C"S2- jr . 

fc>0 L k>j-N 

This proves (2.1.19). 

Now, to prove (2.1.2), as before it suffices to consider elementary symbols, of the 
form (2.1.12)-(2.1.13), and we use again the decomposition q(x,£) = qi + qi + q% 
of (2.1.14). Thus it remains to obtain analogues of the estimates (2.1.15)-(2.1.17). 

Parallel to (2.1.15), using the fact that Y^=q Qkj(x)fk has spectrum in (£) ~ 2 k , 
and HQ/cIIl 00 < C, we obtain 

fc-4 

\\qi(x,D)f\\ Cs <Csnp2 ks \\J2Qkjfk\\ Loc 
(2 ' L20) <Csup2 ks \\f k \\ Loo 

k>0 

<C\\f\\c>, 
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for all sGK. Parallel to (2.1.16), using \\Q kj \\ L ™ < C ■ 2~^ +kr and Lemma 2.1.H, 
we have 



\q 2 (x,D)f\\ Cs < HX^IIcj 



k=0 

(2-1-21) <Csup2 fcs ||^|| L c 

fc>0 



<Csup2 fcs ||M| I/ oo <C\\f\\ c >, 

k>0 

for all s > 0, where the sum of 7 terms 

fc+3 

9k = Qkj(x)fk 

j=k-3 

has spectrum contained in |£| < C • 2 fc , and ||(7a;||l°° < C||/fc||L°°- 

Finally, parallel to (2.1.17), as Y^k^oQkjfk has spectrum in (£) ~ 2 J , we have 



J-4 

q 3 (x,D)f\\c : < Csup2^||5]g fci / fc | 



j>0 

(2.1.22) 



L- 



k=0 
J-4 

<Csup2^" r ) V2 fe niMUc 



If we bound this last sum by 

J- 4 



(2.1.23) QT 2 / ^- s ))sup2 fc lA|| L o , 



fc=0 

then 

2J'(s-r) 

V J>0 



(2.1.24) ||(fe(x,D)/||c : < c(sup2^ s -^^2^- s ))||/|| c , 

J -° fc=0 

and the factor in brackets is finite as long as s < r. The proof of Theorem 2.1. A is 
complete. 

Things barely blow up in (2.1.24) when s = r. The following result is of some 
use. 

Proposition 2.1.1. Ifp(x,£) E C r S$ tl , r > 0, then 

(2.1.25) p(x, D) : C r + e — ► CI for all e > 0. 
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Furthermore, if 8 e [0,1), then 

(2.1.26) p(x, e C r S% =► p(x, -D) : C£ - <£. 

Proo/. We follow the proof of (2.1.2). The estimates (2.1.20) and (2.1.21) continue 
to work; (2.1.22) yields 

i-4 

\\q 3 (x,D)f\\ C r <CsupJ2 2kr Wfkh™ 
^° fc=o 

oo 

= C^2 fc l/ fc || L oo 

fc=0 

oo 

< cJ2 2kr - 2 ~ kr ~ ke \\f\\c:+* 

k=0 

which proves (2.1.25). 

To prove (2.1.26), we use the symbol smoothing of (1.3.21), with m = 0. We get 
p(x,£) =p*{x,Z)+p b (x,£). We havep*{x,D) : CI -> C* r by Corollary 2.I.B. We 
have /(*,£>) : - Q by (2.1.25). 

Extensions of Bourdaud's results have been obtained by Marschall [Ma]. Some 
of them are summarized as follows: 

Proposition 2.1. J. Suppose 1 < q < oo, s>^, 1 < p < oo, m e R. T/ien 

(2.1.27) p(x, f ) e H s > q S™ => p(x, D) : H r+m ' p — ► H r ' p 
provided 

/l 1 \ + /l 1\+ 

(2.1.28) n -H 1 -s<r<s-n . 

\p q J \q pJ 

Note that, when q = p, the condition (2.1.28) becomes 

(2.1.29) ra(| - l) + - s < r < s. 

We refer to [Ma] for a proof of this and other results. Marschall also defines other 
symbol classes, of the form X s S ni 's, analogous to the definition (1.3.16)-(1.3.17), 
for X s = H s,p , 5 G [0, 1], and has further results on these symbols. We also mention 
related results of Nagase [N] and Kumano-go and Nagase [KN]. 

The case q = p = 2 of Proposition 2.1. J had been obtained by Beals-Reed [BR]. 
We include their short proof here. As in [BR] , we make use of the following: 
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Lemma 2.I.K. Suppose that 

(2.1.30) sup J \g(r,^)\ 2 dn = A 2 < cx> 



and 



(2.1.31) sup / \G( V ,0\ 2 d£ = B 2 <oo. 

Then 

(2-1.32) T/fa) = J G( V , Z)g(r, - £, »/)/(0 

(2.1.33) ||T/|| L2 < A-B ||/|| La . 

Proof. Simple consequence of the Schwartz inequality. 

We now use this to prove Proposition 2.1. J when q = p = 2 and r = s. It suffices 
to consider the case m = 0. We will also assume £) has compact support in x. 
Then 

(2-1.34) (p(x, » = | p(r/ - £, 

where p denotes the partial Fourier transform with respect to x. The hypothesis 
p G H S S^ implies 

(2.1.35) p(C,£) = <7(C,0(0~ S , with (2.1.30) holding for g. 
If / = (£) s ^ then it G -fP implies / G L 2 , and we have 

(2.1.36) fa> a (p(s, D)uY{ri) = J Gfa,0</(»7 - £,0/(0 * 
where 



(2.1.37) Gfa,0 



fa-0'<0' 



One can show that G satisfies (2.1.31), granted that s > n/2, so Lemma 2.1.K gives 
a bound for the L 2 -norm of (2.1.36), hence a bound for \\p(x, D)u\\h>>, as desired. 
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§2.2. Further elliptic regularity theorems 

We return to the setting of §1.2, first considering an elliptic differential operator 
of order m 

(2.2.1) A(x,D) = J2 a «( x ) 

|a|<m 

whose coefficients have limited regularity. We will eschew the generality of §1.2 and 
concentrate on X s = C s . Thus A(x,£) G C S S™ is elliptic. Pick 5 G (0, 1) and write 

(2.2.2) A(x,0 = A*(x,0 + A b (x,0 
with 

(2.2.3) A#(*,fleSft, A b (x,Z)eC s S™i Ss . 
Consequently, by Proposition 2.1.E, 

(2.2.4) A\x, D) : — > CI, -(1 - *) a < r < a. 

Now let p(x,D) G OPS^J 1 be a parametrix for A&(x,D), which is elliptic. 
Hence, mod C°°, 

(2.2.5) p(x, D)A(x, D)u = u + p(x, D)A b (x, D)u, 
so if 

(2.2.6) A(x,D)u = f, 
then, mod C°°, 

(2.2.7) u = p(x, D)f - p(x, D)A b (x, D)u. 
In view of (2.2.5), we see that, when (2.2.7) is satisfied, 

(2.2.8) u g c™ +r - 5s , f eCZ=>ue C™ +r . 
We then have the following. 

Proposition 2. 2. A. Let A(x,£) G C S S™ be elliptic and suppose u solves (2.2.6). 
Assuming 

(2.2.9) s >0, < 5 < 1, and - (1 - 8)s < r < s, 
we have 

(2.2.10) u G c m+r - Ss , f eCZ=>ue C™ +r . 
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Note that, for \a\ = m, D a u G Cl~ 5s , and r — 5s could be negative. However, 
a a {x)D ol u will still be well defined for a a G C s . Indeed, if (2.1.3) is applied to the 
special case of a multiplication operator, we have 

(2.2.11) a G C s , u G C% ==>• aw G C£ for - s < a < s. 

Note that the range of r in (2.2.9) can be rewritten as — s < r — 5s < (1 — 5)s. If 
we set r — 5s = —s + e, this means < e < (2 — 5)s, so we can rewrite (2.2.10) as 

(2.2.12) u G C m " s + e , / £C:^«e Cr +r , provided e > 0, r < s, 

as long as the relation r = —(1 — 5)s + e holds. Letting 5 range over (0, 1), we see 
that this will hold for any r G (— s + e, e). However, if r G [e, s), we can first obtain 
from the hypothesis (2.2.12) that u G CT +P , for any p < e. This improves the a 
priori regularity of u by almost s units. This argument can be iterated repeatedly, 
to yield: 

Theorem 2.2.B. If A(x,£) G C S S™ is elliptic and u solves (2.2.6), and if s > 
and e > 0, then 

(2.2.13) u G C m ~ s+ \ f eCl=>ue C™ +r for - s < r < s. 

We can sharpen this up to obtain the following Schauder regularity result. 
Theorem 2.2.C. Under the hypotheses above, 

(2.2.14) u G c m ~ s+ \ feCl=>ue C7 +s - 

Proof. Applying (2.2.13), we can assume u G C™ +r with s — r > arbitrarily small. 
Now if we invoke Proposition 2.1.1, we can supplement (2.2.4) with 

A\x, D) : Cf +8 - fe+e — > Ci, e > 0. 

If 5 > 0, and if e > is picked small enough, we can write m + s — 5s + e = m + r 
with r < s, so, under the hypotheses of (2.2.14), the right side of (2.2.7) belongs 
to C^ +s , proving the theorem. We note that a similar argument also produces the 
regularity result: 

(2.2.15) u g H m - s+£ > p , feCl=>ue cr +s . 

As in §1.2, we apply this to solutions to the quasilinear elliptic PDE 

(2.2.16) ^ a a (x,D m - 1 «)D a « = /. 

| a| <m 

As long as u G C m " 1+S , a Q (x, D™" 1 ^ G C s . If also u G C m " s+£ , we obtain (2.2.13) 
and (2.2.14). If r > s, using the conclusion u G C^ +s , we obtain a a (x, D m ~ 1 u) G 
C s+1 , so we can reapply (2.2.13)-(2.2.14) for further regularity, obtaining the fol- 
lowing. 
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Theorem 2.2.D. If u solves the quasilinear elliptic PDE (2.2.16), then 

(2.2.17) u g c m ~ 1+s n c m - s+e , f eCl^ue C™ +r 

provided s > 0, e > 0, and —s < r. Thus 

(2.2.18) u G c m - 1+s , feC%=>ue C™ +r 
provided 

(2.2.19) s > )-, r > s- 1. 

We can sharpen up Theorem 2.2.D a bit as follows. Replace the hypothesis in 
(2.2.17) by 

(2.2.20) u G C m " 1+S n iy m - 1+tr ' p , 
with p G (1, oo). Parallel to (2.2.11), we have 

(2.2.21) a G C s , u G ii" CT ' p =^aue ii" CT ' p , for - s < a < s, 

as a consequence of (2.1.3), so we see that the left side of (2.2.16) is well defined 
provided s + a > 1. We have (2.2.7), with 

(2.2.22) A h {x, D) : H m+r - Ss ' p — ► H r ' p for - (1 - S)s < r < s, 
parallel to (2.2.4). Thus, if (2.2.20) holds, we obtain 

(2.2.23) p(x, D)A b (x, D)u G H m - 1+a+Sa ' p 
provided —(1 — S)s < 5s — 1 + a < s, i.e., provided 

(2.2.24) s + a > 1 and - 1 + a + 5s < s. 

Thus, if / G H p,p with p > a — 1, we manage to improve the regularity of u over the 
hypothesized (2.2.20). One way to record this gain is to use the Sobolev imbedding 
theorem: 

(2.2.25) H m-l+a+Ss,p c H m-l+a, Plj = _PJ^ > ( 1+ ^P\ 

n — 5s V n J 

If we assume / G C£ with r > a — 1, we can iterate this argument sufficiently often 
to obtain u G C m ~ 1+a ~ e , for arbitrary e > 0. Now we can arrange s + a > 1 + e, so 
we are now in a position to apply Theorem 2.2.D. This proves: 
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Theorem 2.2.E. If u solves the quasilinear elliptic PDE (2.2.16), then 

(2.2.26) u e c m ~ 1+s n H m - 1+a ' p , f eCl^ue CT +r 

provided 1 < p < oo and 

(2.2.27) s > 0, s + a > 1, r > <r - 1. 



Note that if w G H m,p for some p > n, then w G C m_1+S for s = 1 — n/p > 0, 
and then (2.2.26) applies, with a = 1, or even with a = n/p + e. 

We compare Theorem 2.2.E with material in Chapter 9 of Gilbarg and Trudinger 
[GT], treating the case of a scalar elliptic PDE of order 2. In that case, if u 
is a solution to (2.2.16), Theorem 9.13-Lemma 9.16 of [GT] imply the following. 
Assume u G C 1 and u G H 2,p for some p G (1, oo). Then, given any q G (p, oo), if 
/ G L q , then u G -ff 2 ' 17 . If q > n, we can apply the observation above, to conclude: 

Theorem 2.2.F. If m = 2 and (2.2.16) is scalar, then, given p G (l,oo), 
q > n, 

(2.2.28) u G C 1 l~l if 2 ' p , / Gl'nC^tiG C 2+r if r > -1 + ^. 



We note parenthetically that L 9 C C* for p < —n/q. 

We also record the following improvement of Theorem 1.2.D, regarding the reg- 
ularity of solutions to a completely nonlinear elliptic system 

(2.2.29) F(x,D m u) = f. 

We could apply Theorem 2.2.B-Theorem 2.2.C to the equation for Uj = du/dxj : 

(2.2.30) V ^(x,D m u)D* Uj = -F Xj {x,D m u) + |^ = 



Suppose u G C m+S , s > 0, so the coefficients a a (x) = (dF/d( a )(x, D m u) G C s . If 
/ G C£, then /_,- G C s U C£ _1 . We can apply Theorem 2.2.B-Theorem 2.2. C to un- 
provided it G C' m+1_s+e , to conclude that it G C™ +s+1 U C™ +r . This implication 
can be iterated as long as s + 1 < r, until we obtain it G C™ +r . 

This argument has the drawback of requiring too much regularity of it, namely 
that it G C m+1 ~ s+e as well as u G C m+S . We can fix this up by considering difference 
quotients rather than derivatives djU. Thus, for y G lR n , \y\ small, set 

v v( x ) = \v\~ x [ u ( x + v) - u ( x )] ; 
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v y satisfies the PDE 



(2.2.31) § ct y{x)D a v y (x) =G y (x,D m u) 



\at\<m 



where 



r bf 

(2.2.32) $ ay (x) = — (x,tD m u(x) + (l-t)D m u(x + y))dt 

JO 

and G y is an appropriate analogue of the right side of (2.2.30). Thus <& ay is in C s , 
uniformly as \y\ — > 0, if u G C m+S , while this hypothesis also gives a uniform bound 
on the C m_1+s -norm of v y . Now, for each y, Theorems 2.2.B and 2.2.C apply to v y , 
and one can get an estimate on \\v y \\c m +p, P = m i n (s,r — 1); uniform as \y\ — > 0. 
Therefore we have the following. 

Theorem 2.2.G. If u solves the elliptic PDE (2.2.29), then 

(2.2.33) u e C m+S , feCl=>ue C^ +r 
provided 

(2.2.34) < s < r. 



Another proof of this result will be given in §3.3; see Theorem 3.3.C. 

We briefly discuss results for PDE in divergence form which hold for less regular 
u than required in Theorem 2.2.B-Theorem 2.2.E. We restrict attention to the case 
m = 2. Thus consider 

(2.2.35) ^2dja jk (x)d k u = f, 

which we assume to be elliptic. We can write this as 

(2.2.36) Y^d j A j (x,D)u = f, 

3 

where 

(2.2.37) a jk (x) G C r =^ A,-(x,f) G C r S\ fi . 
Using the decomposition 

A j (x^)=Af(x^ + A b j (x^ 



57 



with < 5 < 1, we have 

(2.2.39) d J A f( x ' D ) = B ( x i D ) e OPS i,s elliptic . 

Let p(x,D) G OPS^g be a parametrix for B(x,D). Then (2.2.36) implies 

(2.2.40) u = p(x, D)f - J2p( x > D)d J A b J (x, D)u mod C°°. 
Now, for q G (l,oo), Proposition 2.1.E implies 

(2.2.41) A)(x, D) : H a > q =>- H a - 1+Sr ' q 
provided —(1 — S)r < a — 1 + 5r < r, i.e., provided 

(2.2.42) l-r<<7<l + (l- S)r. 

With these results in mind, we can establish the following, which gives an affirmative 
answer to a question of Jeff Cheeger. 

Theorem 2.2.H. Suppose the PDE (2.2.35) is elliptic, with 

(2.2.43) u e H a > q , f G H- 1 ^, a jk G C r , 
where 

(2.2.44) 1 < q < p < oo, r>0 and a > 1 - r. 
Then 

(2.2.45) u G H 1 *. 

Proof. Looking at (2.2.40), we have p(x,D)f G H 1 ^. If a < 1, (2.2.40) yields 
u G if' 7 '' 3 with a = min (a + 5r, 1). We can iterate this to get u G H 1,q . From 
there, we can apply (2.2.41) with a = 1, to obtain A^(x,.D)w G H 5r ' q , and hence 

(2.2.46) p(x, D)djA b j(x, D)u G if^ 5 ^ c H 1 '* 
where 

(2.2.47) j = _5« >9 ( 1+ fr?). 

n — orq V n / 

Hence u G if 1 ' 91 with qi = min (p,q). Iterating this argument a finite number of 
times we obtain the desired property (2.2.45). 
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One use for this is in the study of the Ricci tensor. If one uses local harmonic 
coordinates on a Riemannian manifold, then the metric tensor and Ricci tensor are 
related by 



where Qe. m {g, C) is a certain quadratic form in £, with coefficients smooth in g. We 
can rewrite this as 



with a slightly different Q'^ m of the same nature. The goal is to presume a priori 
some weak estimates on gjk, and, given certain regularity of Re m , deduce better 
estimates on the metric tensor, in this coordinate system. Thus it is useful to 
supplement Theorem 2.2.H with the following. 
We consider a PDE of the form 



assumed to be elliptic on a region in IR n . Assume B(x,u, Du) is a quadratic form 
in Du, with coefficients smooth in x, u, and ajk(x,u) smooth in its arguments. 

Proposition 2.2.1. Let the elliptic PDE (2.2.50) be solved by 



(2.2.48) 




(2.2.49) 




(2.2.50) 




(2.2.51) 



u e H 1 ' 9 , 



q > n. 



Let q < p < oo and assume 



(2.2.52) 



Then 



(2.2.53) 



ueH 



Proof. Note that (2.2.51) implies that u G C r for some r > 0, and hence 



(2.2.54) 



B{x,u,Du) G L q ' 2 . 



Rewrite (2.2.50) as 



(2.2.55) 
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with cijk(x) = a,jk{x,u) G C r . From (2.2.52), (2.2.54), and the Sobolev imbedding 
theorem, 

1 2n 

we deduce that g G H~ x ^, q = min (s,p). Then Theorem 2.2.H implies u G H 1 ^. 
This is an improvement over the hypothesis (2.2.51) if q > n, since 

q 1 / a\ , a. 

Iterating this argument gives the conclusion (2.2.53). 

This gives results on (2.2.49) complementary to the result of DeTurk and Kazdan 
[DK] that, if g is C 2 and Ri m is C fc+a , in harmonic coordinates, then g is C k+2+a . 
It is clear that further generalizations can be established. For example, if (2.2.50) 
is elliptic and (2.2.51) holds, then 

(2.2.56) / G H a ' p , a > — 1 =r- u G H a+2 ' p . 

Proposition 2.2.1 can be brought to bear on some of the material in [AC]. Further 
related results arise in [[AK2LT]]. 

To end this section, we recall and apply a result established by the DeGeorgi- 
Nash-Moser theory for the divergence form PDE (2.2.35) in the case when the 
coefficients ajk(x) are scalar. A proof is given in Appendix C. 

Theorem 2. 2. J. Suppose the PDE (2.2.35) is elliptic on O with 

(2.2.57) a jk G L°° scalar, 

(2.2.58) f = g + ^2 d jfv ^ g G L 9/2 , f 3 Gi« )9 > n, 
and u G H 1 ' 2 . Then 

(2.2.59) ueC r for some r > 0, 

with C r -norm on compact sets bounded by ||m||l 2 , ll/jll-M? IMIl 1 ?/ 2 an d the ellipticity 
constants. 

Sometimes this can be used in concert with the last two theorems. 
We recall a classical use of Theorem 2. 2. J. Given a domain O C M n , with smooth 
boundary, ip G _£P(<9fi), s > 1/2, we seek to minimize 



(2.2.60) 



I(u) = J F(Vu) dx 

a, 
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over V* = {u G -f/" 1 (0) : it = ip on 90}, assuming that F(p) is smooth in its 
arguments and satisfies 

CM 2 ~Ki < F (P) < C 2 \p\ 2 + K 2 

(2.2.61) 

A^l 2 < J2 d pA k p (pMk < A 2 \£\ 2 . 

The existence of such a minimum is established in the early part of [Mor]. Such u 
is a weak solution to the nonlinear PDE 

(2.2.62) ^0 x .(0 p .F)(Vu) = O. 

3 

One next wants to establish higher regularity of u, first on the interior of O. Given 
y G IR n , 1 2/| small, the difference quotient 

w y( x ) = 12/ 1 1 [u(x + y) - u{x)] 
satisfies the divergence form PDE 

(2.2.63) J2 dja J y k (x)d k Wy(x) = 

j,k 

with 

(2.2.64) af{x)= f (d Pj d Pk F) ((1 - t)Vu(x) + tVu(x + y)) dt. 

Jo 

Each w y G H 1 , and we have an L 2 -bound on w y over any O CC O, as \y\ — > 0. 
From Theorem 2. 2. J there follows a C r -bound on w y on any O CC O, hence we 
have it G C 1+r on the interior of O. Now U£ = dgu satisfies 

(2.2.65) d j a :ik (x)d k ui = 0, 

3,k 

with 

(2.2.66) a^ k (x) = {d Pj d Pk F){Vu{x)) G C\ 

so the Schauder theory now kicks in to yield further regularity. Boundary regularity 
will be examined in §8.3. 

We remark on the fact that, in Theorem 2. 2. J, even though we require u G H ' , 
we can use ||w||z, 2 rather than ||it||^i,2 to estimate the C r -norm. This arises as 
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1,2/ 



follows. If K CC O, pick V> £ Co°(fi),'i/> = 1 on if, and, for it G solving 
(2.2.35), write 

^ y ip{x) 2 a jk {x){dju){d k u)dx 
(2.2.67) =_2 5Z J (9j^)^ a jk(d k u)udx 



integrating by parts. In the first term on the right, group together ip(d k u) and 
(djtfj)u, and apply Cauchy's inequality. Give a similar treatment to the last term. 
This leads to an estimate 



\u\ 



(2.2.68) J ^{x) 2 \Vu\ 2 dx <C J \V^\ 2 \u\ 2 + ^^ 2 \f 3 \ 2 + ^ 2 \g 
a, n 

hence 

(2.2.69) l|V«|| L2 (K)<C'|H|| 2(fi) + C||^||| 2(n) + C^||/ j ||| 2(fi) 

for a solution to (2.2.35). Here, C depends on the ellipticity constants but not on 
any regularity of the coefficients a jk . 

§2.3. Adjoints 

It is useful to understand some things about adjoints of operators with symbols 
in C r SY l Q- The results we record here follow simply from the symbol smoothing 
techniques of §1.3 and mapping properties of §2.1, plus standard results on pseu- 
dodifferential operators. 

We are particularly interested in p(x, D)* when p(x, £) G C r S\ . Recall that, in 
this case, 

(2.3.1) p(x,0 = P #(x,0+p b (x,0, 
with 

(2.3.2) p*(x,Z)eSl s 
and, for r = £ + a, < a < 1, 

(2.3.3) Dgp*(x,t)eSl s for\l3\<t. 
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Meanwhile, 

(2.3.4) p b {x,t)eCrSlj 5 . 
It follows from Proposition 2.1.D that 

(2.3.5) p b (x, D):H S — > H s for - r < s < r, if r5 > 1. 

In view of (2.3.3), the standard symbol expansion for p#(x,D)* gives 

(2.3.6) p*(x, D)* - q*(x, D) G OPS% if r > 1, 
with 

(2.3.7) q*{x,t)=p*{x,ty. 
Noting (2.3.4)-(2.3.5), we deduce: 

Proposition 2. 3. A. Given p(x,£) G C r S\ Q , r > 1, we have 

(2.3.8) p(x, D)* - q(x, D) : H s — > H s for - r <s<r 
with 

(2.3.9) q(x,Z)=p(x,£)*. 

§2.4. Sharp Garding inequality 

Let p(x,£) G C s SY l q be scalar, with p(x,£) > —Co. We aim to show that, for a 
certain range of positive m, p(x, D) is semi-bounded on L 2 ; this is a sharp Garding 
inequality. We will derive it simply by decomposing p(x,£) and applying known 
results for pseudodifferential operators. Recall we can write 

(2.4.1) p{x,t)=p*{x,t)+p b {x,t) 
with 

(2.4.2) P # (*,Oe<Sft, P b (x,t)eC'SZf", 

for any given 5 G (0,1). Furthermore, p b (x,D) is bounded on L 2 , by Proposition 
2.1.E, as long as 

(2.4.3) m-5s<0. 

If this condition holds, it remains only to consider semiboundedness of p#(x,D), 
which belongs to OPS™s- We may as well apply the best available estimate for 
this, the Fefferman- Phong inequality [FP], which implies p#(x,D) is semibounded 
on I? as long as 

(2.4.4) m<2(l-<5). 

Thus, we have semiboundedness of p(x,D) on L 2 as long as, for some 5 G (0,1), 
we have m < min{5s, 2(1 — 5)}. Maximizing over < 5 < 1 gives 2s/ (2 + s) as the 
optimal value of m. We have proved: 
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Proposition 2. 4. A. Letp(x, £) G C^SYq fee scalar, and bounded from below, p(x,£) > 
-C . Then, for all u G Cq°, 

(2.4.5) #e (p(x,D)u,u) > -C x H£ 2 , 
provided s > and m < 2s/ (2 + s). 

In particular, this result applies when p(x,£) G H^^S^q, o = n/2 + s. In 
this strengthened version of Lemma 3.1 of Beals-Reed [BR] is obtained. 

The proposition above can also be compared with Theorem 7.1 in [H2]. There 
is demonstrated a semiboundedness result for a class of operators with symbols 
contained in C°S™q r\C 2 S™Q + , with mo+m2 < 0. More precisely, using notation to 
be defined in (3.3.34), it is assumed that p(x, f ) G S™? and, for \/3\ = 2, D%p(x, f ) G 

S™1 +2 , with m + m 2 < 0. 

If p(x,^) is a positive semidefinite L x L matrix, then we cannot appeal to 
Fefferman-Phong, so instead of (2.4.4) we must require m < 1 — 5. Thus, in this 
case, we have semiboundedness of (2.4.5) provided s > and 

(2.4.6) m < 



1 + s 



We will also have occasion to use the folowing ordinary Gar ding inequality, valid 
for L x L systems. 

Proposition 2.4.B. Let p(x^) G C s S 2l J} be an L x L system. Assume s > m and 

(2.4.7) p(x,0 + P (x,0* > C\£\ 2m I, for |£| > K. 
Then, for any n < m, there exist C\ and C 2 such that 

(2.4.8) Re{p{x,D)u,u)>C 1 \\ 



Proof. It suffices to establish (2.4.8) for some \i < m. Use the decomposition (2.4.1), 
withp # G S%™, p b G C s ~ t Sl 1 ^~ St . For 8 slightly less than 1, we can apply Garding's 
inequality in its familiar form to p#(x,D), and since, by Proposition 2.1.D, the 
perturbation p b {x, D) maps H m to H~ m+1 , provided s — t > m — 7 and St > 7, we 
obtain an estimate of the form (2.4.8). 
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Chapter 3: Paradifferential operators 



The key tool of paradifferential operator calculus is developed in this chapter. 
This tool was introduced by J.-M. Bony [Bo] and developed by many others, par- 
ticularly Y. Meyer [M1]-[M2]. We begin in §3.1 with Meyer's ingenious formula for 
F(u) as M(x, D)u + R where F is smooth in its argument(s), u belongs to a Holder 
or Sobolev space, M(x,D) is a pseudodifferential operator of type 1,1, and R is 
smooth. From there, one applies symbol smoothing to M(x, £) and makes use of 
results established in Chapter 2. The tool that arises is quite powerful in nonlinear 
analysis. The first glimpse we give of this is that it automatically encompasses some 
important Moser estimates. We re-derive elliptic regularity results established in 
Chapter 2, after establishing some microlocal regularity results. In §3.3 we do this 
using symbol smoothing with 5 < 1; in §3.4 we present some results of Bony and 
Meyer dealing with the 6 = 1 case, the case of genuine paradifferential operators. 

In §3.5 some product estimates are established which, together with the operator 
calculus of §3.4, yield in §3.6 some useful commutator estimates, including impor- 
tant commutator estimates of Coifman and Meyer [CM] and of Kato and Ponce 
[KP]. We also discuss connections with the T(l) Theorem. 

§3.1. Composition and paraproducts 

Following [Ml], we discuss the connection between F(u), for smooth nonlinear 
F, and the action on u of certain pseudodifferential operators of type 1,1. Let {ipj} 
be the S® partition of unity (1.3.1), and set \Pfc(£) = Ylj< k tpj(£)- Given u, e.g., in 

C r (M n ), set 

(3.1.1) u k = y k (D)u, 
and write 

(3.1.2) F(u) = F(uo) + [F( Ul ) - F(u )} + ■■■ + [F(u k+1 ) - F(u k )} + ■■■ 
Then write 

^ i ^ F(u k+1 ) - F(u k ) = F(u k + *p k+1 (D)u) - F(u k ) 

= m k (x)ijj k+1 (D)u, 

where 

(3.1.4) m k (x)= [ F'(V k (D)u + tij k+1 (D)u)dt 

Jo 

Consequently, we have 

oo 

F(u) = F(u ) + V m k (x)ip k+1 (D)u 

(3.1.5) fc=0 

= M(x,D)u + F(uq) 



where 



(3.1.6) M(x,0 = ^m fc (x)^ fc+ i(0 = M F (u;x,0. 



fc=0 



We claim 

(3.1.7) M(z,0eS°i, 

provided it is continuous. To estimate M note first that, by (3.1 

(3.1.8) ||m fc || L oo < sup|F'(A)|. 

To estimate higher derivatives, we use the classical estimate 

(3.1.9) \\D e g (h)\\ L °o<c II^IIc-iII^IIl-II^IUc 



-,oo 



1<V<1 

to obtain 

(3.1.10) \\D l x m k \\ L ~ <Ce\\F"\\ c e- 1 {\\u\\ L ~y- 1 .2 M , 
granted the following estimates, which hold for all u G L°°: 

(3.1.11) \\* k (D)u + t1> k+1 (D)u\\ L oo <C|HU=o, 
and 

(3.1.12) \\D^ k {D)u + tiJj k+1 {D)u}\\ L ~ < C t 2 kt \\u\\ L ~ 
for t G [0, 1]. Consequently, (3.1.6) yields 

(3.1.13) \DfM(x,£)\ <C a suj>\F'(\)\(Z)-W 

A 

and, for \(3\ > 1, 

(3.1.14) \D£DfM(x,t)\ < C^HF"!^...-^!^!!^)!^- 1 ^^!- 
We give a formal statement of the result just established. 
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Proposition 3.1. A. If F is C°° and u G C r with r > 0, then 

(3.1.15) F(u) = M F (u;x,D)u + R(u) 
where 

R(u) = F(^o(D)u) G C°° 

and 

(3.1.16) M F (u;x,0 = M(x,OeSl 1 . 

Applying Theorem 2.1. A, we have 

(3.1.17) \\M(x,D)f\\ Hs , P <K\\f\\ Hs , P 
for p G (1, oo), s > 0, with 

(3.1.18) K = K n (F,u) = C\\F'\\ c n[1+ \\u\\^], 
provided < s < N, and similarly 

(3.1.19) \\M(x,D)f\\ C s<K\\f\\ C s. 

Using / = -u, we have the following well known and important Moser-type estimates: 

(3.1.20) \\F(u)\\ H s, P < K N (F,u)\\u\\ Hs , P + \\R(u)\\ H s, P , 
and 

(3.1.21) \\F(u)\\ Cs < K N (F,u)\\u\\ C: + \\R(u)\\ Ct , 

given 1 < p < oo, < s < N, with Kn(F,u) as in (3.1.18); this involves the 
L°°-norm of -u, and one can use H-F'H^jv^) where / contains the range of u. Note 
that, if F(u) = -u 2 , then F'(u) = 2-u, and higher powers of H^Hl^ do not arise; 
hence we recover the familiar estimate 

(3.1.22) ||w 2 ||h s .p < Cs|M|l°° • j/s.p , s > 0, 
with a similar estimate on ||w 2 ||c s - 

ii 1 1 * 

It will be useful to have further estimates on the symbol M(x, £) = Mp(u; x, £), 
when u G C r with r > 0. The estimate (3.1.12) extends to 



(3.1.23) 



\D e [V k (D)f + tip k+1 (D)f]\\ Loo < Ce\\f\\cr, i<r, 
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so we have, when u G C r , 

\DgDtM(x,Z)\<K afl (Z)-M, \(3\<r, 

K a p(0- M+ W- r , \P\>r, 

with 

(3.1.25) K a(3 = K af3 (F,u) = C aP \\F'\\ cm [1 + \\u\\^l}. 

Also, since ^k(D) + t^k+i(D) is uniformly bounded on C r , for t G [0, 1], k > 0, we 
have 

(3.1.26) \\D%M(;t)\\ C r <Kar(0~ |Q| , 

where i^Q, r is as in (3.1.25), with \/3\ = [r] + 1. This last estimate shows that 

(3.1.27) u G C r ==>■ M F (w; x, G C r ^ . 

This is useful additional information; for example (3.1.17) and (3.1.19) hold for 
s > — r, and of course we can apply the symbol smoothing of §1.3. 

It will be useful to have terminology expressing the structure of the symbols we 
produce. Given r > 0, we say 

i P (x,o g ^<?™ ursolic- < c a {0 m ~ ]a] 

and iDfDfp^OI < ^(O m " |a|+5(l/3| - r) , \P\ > r. 
Thus (3.1.24)-(3.1.26) yield 

(3.1.29) Mfi.Oe/^ 

for the M{x, f ) of Proposition 3.I.A. If r G M+ \Z+, the class „4 r S^ coincides with 
the symbol class denoted by A? by Meyer [Ml]. Clearly A°S™ S = S^ s , and 

A r SZ s C CSft n Sft. 
Also from the definition we see that 

p(x, G A r S£ s =► p(x, G Sft for < r 

(3 ' L30) (1*1-0 for ^1 > r . 

It is also natural to consider a slightly smaller symbol class: 

(3.1.31) p(x,0 G .45Sft <=► ||Dfp(.,0llc^- < ^ s (0 m_|a|+5s , « > 0. 
Considering the cases s = and s = — r, we see that 

^55J> c AS?, 5 . 

We also say 

(3.1.32) p(x,C) G r S^ 5 the right side of (3.1.30) holds , 
so 

tr cm r nm 

The following result refines (3.1.29). 
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Proposition 3.I.B. For the symbol M(x,£) = Mf(u;x,^) of Proposition 3.1. A, 
we have 

(3.1.33) 

provided u G C r , r > 0. 
Proof. For this, we need 

(3.1.34) \\m k \\ cr+s <C -2 ks . 
Now, extending (3.1.9), we have 

(3.1.35) \\g(h)\\ C r + s < C\\g\\ cN [l + \\h\\^](\\h\\ cr+ s + 1) 

with N = [r + s] + 1, as a consequence of (3.1.21) when r + s is not an integer, and 
by (3.1.9) when it is. This gives, via (3.1.4), 

(3.1.36) ||TOfc|| C r+ s < C(||m||loo) sup\\(^ k + ti()k+i)u\\cr+s 

tei 

where I = [0,1]. However, 

(3.1.37) \\(*k + tif>k+i)u\\ C r+> < C-2 ks \\u\\ C r. 

For r + s G Z + , this follows from (1.3.11); for r + s ^ Z + it follows as in the proof 
of Lemma 1.3. A, since 

(3.1.38) 2" fcs A s (^ fc + tVfc+i) is bounded in OPS%. 

This establishes (3.1.34), and hence (3.1.33) is proved. 

Returning to symbol smoothing, if we use the method of §1.3 to write 

(3.1.39) M(x,0 = M#(x,0 + M b (x,^, 
then (3.1.27) implies 

(3.1.40) M#(s,0eSft, M b (x,t)eC r S™- rS . 
We now refine these results; for M # we have a general result. 
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Proposition 3.1.C For the symbol decomposition of $1.3, 

(3.1.41) P (x,0 e C r S™ ^p#(x,0 e A r S™ s . 

Proof. This is a simple modification of Proposition 1.3.D, which essentially says 
p#(x,t;) G A r S™ 5 ; we simply supplement (1.3.11) with 

(3.1.42) \\JJ\\ c:+ s<C e- s \\f\\ Cl , s>0, 

which is basically the same as (3.1.37). 
To treat M b (x,^), we have, for 5 < 7, 

(3.1.43) p(x, G ^5^ 7 =► /(x, G C"Sft-' r n A r S^ C 

where containment in C r S™^~ Sr follows from Proposition I.3.E. To see the last 
inclusion, note that for p b (x,^) to belong to the intersection above implies 

\\D?P b (;0\\c> < C(0 m -^- 5r+Ss for < s < r 

(3.1.44) € ~ ~ ~ 

c ^m-\a\ + (s-rh fo r s > r . 

In particular these estimates imply p h {x,£) G 5 , ^~ r<5 . This proves: 

Proposition 3.I.D. For t/ie symbol M(x,£) = Mf(u;x,^) with decomposition 
(3.1.39), 

(3.1.45) ueC r => M b (x, G STj*. 

We now discuss a few consequences of making the decomposition (3.1.39). Note 
that 

(3.1.50) u G C r l~l if s ' p =^ F(u) = M # (x, D)u + i2, with i? G # s + r5 -P, 

provided r, s > 0. If we pick 5 G (0, 1), using the good algebraic, hence microlocal, 
properties of OPS™ 5 , we have the following extension of Rauch's Lemma. 

Proposition 3.I.E. If u G C r n # s ' p , r, s > 0, p G (1, 00), tfien 

(3-1.51) « g fl^(r) =► f(u) g tf^(r) 

provided 

(3.1.52) s<a<s + r. 
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In (3.1.51), T is a closed conic subset of T*R n \ 0, and the meaning of the 
hypothesis 

ueH°J cl (T) 

is that there exists 

A(x,D) G OPS , elliptic on T, such that A(x,D)u G H a ' p . 

For the proof, note that 

B(x, D)F(u) = B(x, D)M*{x, D)u + B(x, D)R; 

if B{x,D) G OPS , then B(x,D)R G H s+r5 ^, by (3.1.50). 

Using F(u) = u 2 , it follows that C r n H s > p n #™S(r) is an algebra, granted 

(3.1.52) . It has been typical to establish this result in case s = n/p + r, which 
implies H s > p C C r (if r ^ Z), but there may be an advantage to the more general 
formulation given above. 

Results discussed above extend easily to the case of a function F of several 
variables, say u = {u\, . . . , ul)- Directly extending (3.1.2)-(3.1.6), we have 

L 

(3.1.53) F{u) = ^Mj(x,D)u 3 + F(V (D)u) 
with 

(3.1.54) Mj(x^) = J2<(^k+i(0 

k 

where 

(3.1.55) mi( x )= f (d J F)(^ k (D)u + tifj k+1 (D)u)dt. 

Jo 

Clearly the results established above apply to the M,-(x,£) here, e.g., 

(3.1.56) ueC r ^ M^x,^ eA r S^. 
In the particular case F(u, v) = uv, we obtain 

(3.1.57) uv = A(u; x, D)v + A(v; x, D)u + V (D)u ■ V (D)v 
where 

(3.1.58) A(u; x, £) = ^ [*k(D)u + -^ k+1 (D)u\ ^ k+1 (0- 

k=i 
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Since this symbol belongs to 5° 1 for u E L°°, we obtain the following well known 
extension of (3.1.22): 

(3.1.59) ||m1>||h s .p < C[IM|z,°° \\v \\h s -p + ||^||h s >p IMIl°°] ? 

for s > 0, 1 < p < oo. 

§3.2. Various forms of paraproduct 

A linear operator related to the operator M(x,D) of Proposition 3.1. A is the 
paraproduct, used in [Bo], [Ml]. There are several versions of the paraproduct; one 
is 

(3-2.0) ;r(a, /) = £(* fc _ 1 (D)a)(V> fc+ i (£>)/)• 

fc>i 

Note that this is a special case of the symbol smoothing of §1.3, in which 5 = 1. In 
particular, we have the following. 

Proposition 3. 2. A. If a E C r , then 

(3.2.1) af = 7r(a,f) + p a (x,D)f 
with 

(3.2.2) p a (x,t)eCrSR. 
Hence, for p E (l,oo), 

(3.2.3) Pa (x, D) : H s ~ r ' p — ► H s ' p , < s < r. 

Note that this result does not imply that 7r(/, /) is a particularly good approxi- 
mation to f 2 ; this point will be clarified below; see (3.2.13). 
We will also use the notation 

(3.2.4) 7r(a,f) = 7r a (x,D)f = T a f, 

the latter notation being due to Bony [Bo] . We want to compare 

oo 

given by (3.1.4)-(3.1.6), with 

oo 

ttf'(x,£) = ^2rh k (x)ij k+1 (£), 

k=Q 

where 

(3.2.5) m k (x) = y k - 1 (D)F'(f). 
Comparing this with 

(3.2.6) m k (x)= I F'(^ k (D)f + tiP k+1 (D)f)dt 

Jo 

gives the following. 
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Proposition 3.2.B. If f E C r , M(x,£) given by (3.1.4) -(3.1.6), then 

(3.2.7) M(x,Z)-n F ,(x,Z)eS^. 

Proof. What is needed is the estimate 

(3.2.8) \Dg(m k -m k )\ < C p ■ 2~ rk +^ k , 

given / E C r , which follows from (3.2.5) - (3.2.6). 

In order to establish estimates of the form (3.2.8), we use the fact that, for 
reM+\Z+, 



9 e C r <=► \\MD)9h- < C ■ 2~ kr 

^\\(l-* k (D))g\\ L ~<C-2- kr . 

Thus, for F smooth, 

/ eC r =5> \\F J (f)-* k (D)F'(f)\\ L o <C-2~ kr 
(3.2.10) U KJJ *K > kjjwl _ 

and \\F'(f)-F'(V k (D)f)\\ L - <C -2~ k \ 

giving the case (3 = of (3.2.8). If we write 

*k(D)F(f) - F(* k (D)f) = * k (D){F(f) - F(* k (D)f)) 
[ • • J -(l-* k (D))F(* k (D)f), 

and use 

(3-2.12) \\D%* k (D)g\\cr < C 2 k ^\\g\\ C r, 

the rest of (3.2.8) easily follows. 

Remark. (3.2.8) is related to Hormander's Prop. 8.6.13 in [H4]. Furthermore, one 
can take / E C$. 

In view of the identity (3.1.5), we have: 

Proposition 3.2. C. If f E C r D H s > p , r, s > 0, pE (1, oo), then 
(3.2.13) F(f) = n(F'(f)J) + R, REH s + r ^. 



Taking F(f) = / 2 , we see that a good approximation to f 2 is 27r(/, /). 

We can also treat functions of several variables, as in (3.1.53)-(3.1.54). Thus, if 

/ = (/l) • • • , /l), 

(3.2.14) F(/) = ^7r((a j F)(/),/ J )+ J R, 
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where / G C r n # s > p ==>■ -R G # s+r >P. 

There are a number of variants of the paraproduct (3.2.0). For example, picking 
P, Q G S(R n ) with P(0) = 1, Q(0) = 0, one can consider 

POO 

(3.2.15) n (aJ)= Q(tD)(P(tD)a ■ Q(tD)f) t' 1 dt, 

Jo 

which differs little from (3.2.0). With a bit more effort, one can use the simpler- 
looking expression 

(3.2.16) yr(a, /) = / P{tD)a ■ Q(tD)ft~ 1 dt. 

Jo 

A generalization of (3.2.16) is used in (5.9) of Hormander [H3] to produce a variant 
of the Nash-Moser implicit function theorem. 
Another variant of the paraproduct is 

(3.2.17) 7r(a,f) = a x (x,D)f 
with 

(3.2.18) a x (r l ,Z) = a(r l )x(v,Z), 

where we choose x £ C°°(M n x lR n ), homogeneous of degree outside a compact 
set, such that 

X(v,t) = for \r}\ > 

(3.2.19) 1 

1 for \q\ < ^ and |^| > 2. 

One has a x (x,£) G i, and more precisely 

\D^D^ x a x (x,0\<C aP (0- H , \0\<r 



(3.2.20) 



C a/9 (O l/3| " |o| " r , l/^l > r 



if a G C r . This formulation of paraproducts is the one mainly used by Bony [Bo]. 
It is proved in Lemma 4.1 of Hormander [H2] that, in this case, 

(3.2.21) a x (x, D) G OPS^ n (OPS^)*. 

Also Hormander has results on compositions of operators, in Theorem 6.4 of [H2]. 
See also Prop. 10.2.2 of [H4]. 

From (2.1.15) easily follows the estimate 

(3.2.22) h{a,f)\\ H s, P <C ap ||a|| L =o||/|| H .,„, 



74 



for p G (l,oo), s G K, at least when the form (3.2.0) is used. It follows from 
Theorem 33 of [CM] that, for p G (1, 00), 

(3.2.23) MaJ)\\ LP <C p \\a\\ LP \\f\\ BM o, 

an estimate which suggests emphasizing the role of / as a multiplier rather than a. 
In fact, a notational switch, with / and a interchanged in the definition of n(a, /), 
is frequently seen. This other convention was the one originally used in Coifman- 
Meyer [CM]. Closely related estimates will play an important role in §3.5, and will 
be proven in Appendix D. 

§3.3. Nonlinear PDE and paradifferential operators 

If F is smooth in its arguments, in analogy with (3.1.53)-(3.1.55) we have 

(3.3.1) F(x,D m u)= M a (x,D)D a u + F(x,D m y (D)u), 

\ct\<m 

where F(x, D m ^ (D)u) G C°° and 

(3.3.2) M a (x,£) = ^mgOrtyfc+iCO 

k 

with 

(3.3.3) m%{x)= f ^(y k (D)D m u + t*jj k+1 (D)D m u)dt. 

JO °Sa 

As in Proposition 3.1. A and Proposition 3.1.B we have, for r > 0, 

(3.3.4) u G C m+r =^ M a (x, f ) G A r Sl 1 C n C r S° . 
In other words, if we set 

(3.3.5) M(u;x,D)= M a (x,D)D a , 

\ce\<m 

we obtain 

Proposition 3.3.A. If u G C m+r , r > 0, then 

(3.3.6) F(x,D m u) = M(u;x,D)u + R 
with R G C°° and 

(3.3.7) M(u; x, £) G c Sft H C^ . 
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Decomposing each M a (x, £), we have as in (3.1.39)-(3.1.45), 

(3.3.8) M(u; x, £) = M# (x, £) + M b (x, £) 
with 

(3.3.9) M#(^)£^C5^ 
and 

(3.3.10) M 6 (x, G CS^f* 1 " n .AJSft C S£f r *. 
Let us explicitly recall that (3.3.9) implies 

^#(x,Oe^, |/3|<r, 

(3 ' 3 ' 11} ^n+«(l/»|-r) j > r . 

Note that the linearization of D m u) at it is given by 

(3.3.12) Lu= M a (x)D a v, 

\a\<m 

where 

(3.3.13) M a (x) = ^(x, 

Comparison with (3.3.1)-(3.3.3) gives (for u G C m+r ) 

(3.3.14) M(u; x, g) - L(x, g) G C r S£f r , 

by the same analysis as in the proof of the 5 = 1 case of (1.3.19). More generally, the 
difference in (3.3.14) belongs to C r S™^ rS , < S < 1. Thus L(x,g) and M(u;x,g) 
have many qualitative properties in common. 

In particular, given it G (7 m+r , the operator M # (x, £)) G OPS™ s is microlocally 
elliptic in any direction (x 0: £o) G T*M n \0 which is noncharacteristic for F(x, D m u), 
which by definition means noncharacteristic for L. Now if 

(3.3.15) F(x,D m u) = f, 

and if A G OPS is microlocally supported near (xo,£o) an d Q e OPS^™ is a 
microlocal parametrix for M#(x,D) near (xo,£o)j we nave 

(3.3.16) Au = AQ(f - M b (x,D)u), mod 
By (3.3.10) we have 

(3.3.17) AQM b (x, D) : H ™-r5+s, P — > H m+s, P ^ g > Q 

(In fact s > — (1 — S)r suffices.) This gives the fo lowing microlocal regularity 
theorem. 
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Theorem 3.3.B. Suppose u G C m+r satisfies (3.3.15), for which (xo,£o) is non- 
characteristic. Then, for any s > 0, p G (1, oo), 5 G (0, 1), 

(3.3.18) u G H™-^*, f g H'^xo^o) =► « e ^'^0, Co)- 



If it G (7 m+r solves (3.3.15) in the elliptic case, where every direction is nonchar- 
acteristic, we can deduce from (3.3.18) that 

(3.3.19) u G H m - Sr+8 ' p , f eH s ' p =? u eH m+s ' v , 

granted r > 0, s > 0, p G (1, oo). This sort of implication can be iterated, leading 
to the following re-proof of Theorem 2.2.G. 

Theorem 3.3.C. Suppose, given r > 0, u G C m+r satisfies (3.3.15) and this PDE 
is elliptic. Then, for each s > 0, p G (1, oo), 

(3.3.20) / G U s ' p ==>■ u G H m+S > p and f G C* ==>■ u G C* m+S . 



By way of further comparison with the methods of §2.2, we now re-derive Theo- 
rem 2.2.E, a regularity result for solutions to a quasi-linear elliptic PDE. Note that, 
in the quasi-linear case, 

(3.3.21) F(x,D m u)= a a (x,D m - 1 u)D a u = f, 

\a\<m 

the construction above gives F{x, D m u) = M(u; x, D)u + Ro(u) with the following 
properties: 

u G C m+r (r > 0) 
(3 3 22) _ 

M(u; x, g C r+1 S£ n Sft + CS^q 1 n S^f 1 . 

Of more interest to us now is that, for < r < 1, 

(3.3.23) u G C m ~ 1+r =^ M (u; x, G C r S£ n Sft + S£f r , 

which follows from (3.1.23). Thus we can decompose the term in C r S™ fl as 
in §1.3 and throw the term in S™i r into the remainder, to get 

(3.3.24) M(u; x, £) = M* (x, £) + M b (x, £) 
with 

(3.3.25) M#(x^)eSr s , M\x,0eS™r S - 
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If P{x,D) G OPS-^™ is a parametrix for the elliptic operator M # (;r, D), then 
whenever u G C m ~ l + r fl H m ~ 1+ P^ is a solution to (3.3.21), we have, mod C°°, 

(3.3.26) u = P(x, D)f - P(x, D)M b (x, D)u. 
Now 

(3.3.27) P(x, D)M b {x, D) : H m - 1+P ' p — ► H m-i+ P +rS, P ^ if r + p > 1? 

by the last part of (3.3.25). As long as this holds, we can iterate this argument, 
and obtain Theorem 2.2.E, with a shorter proof than given in §2.2. 
More generally, consider 

(3.3.28) F(x,D m u)= a a (x, D J u)D a u, 

\a\<m 

with < j < m. We see that the conclusion of (3.3.23) holds if u G C J+r , and then 
the arguments yielding (3.3.24)-(3.3.27) continue to hold. Hence, in this case, one 
has regularity theorems assuming a priori that, with p > 1, r > 0, 

(3.3.29) u G C j+r n H m ~ 1+P ' p , r + p > 1. 

Under this hypothesis, we conclude that / G H s > q =>- u G H s+m ' q , etc. 

In Bony's analysis of F(x, D m u), in [Bo], he used, in place of (3.3.1)-(3.3.3) the 
paraproduct approximation: 

(3.3.30) F(x,D m u)= ■x{(dF/dC a ){x,D rn u),D a u)+R, 

\ot\<m 

where 

(3.3.31) u G C m+r ^Re C 2r , 

and 7r(a, /) is as in one of the 3 definitions of §3.2. 

In addition to paraproducts, Bony considered paradifferential operators, which 
can be defined as follows. Let p(x, £) G C r S™ . Then 

(3.3.32) T p u(x) = p x (x, D)u 

where, in analogy with (3.2.18)-(3.2.19), 

(3-3.33) P X (V,0 = X(V,0P(V,0- 

Then 

(3.3.34) p x (x, D) G n (OPS^T = OPS^, 
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as in (3.2.21). In fact, in Prop. 10.2.2 of [H4] it is shown that 

^.Oeft |/3|<r, 

( } s™r +] ^\P\>r. 

We make a parenthetical comment. As noted above, we can write 
(3.3.36) F(x, D m u) = M(u; x, D)u + R (u) 

with R (u) G C°° and M(u; x, D) G OPS^ if u G C m . Consequently, the operator 
norm of M(u;x,D) in C(H m+s ^,H s ^), l'< p < oo, depends on ||u||c», for s > 0, 
while for s = it seems to depend Oil 1 1 11 1 1 (Jm-\-r for some r > 0. An improvement 
on this is given in Proposition 3.5.G. 

§3.4. Operator algebra 

The operators M(u;x,D) G OPS™! which arose in §3.1 and §3.3 are not as 
well behaved as one would like under composition on the left by pseudodifferential 
operators. That is why decomposition into M#(x,D) + M b (x, D) was useful. The 
applications we have made so far have involved such a decomposition, defined in 
§1.3, choosing 5 < 1, so that M#(x, D) G OPS^g has a convenient symbol calculus. 

The remainder term M b (x,D) belongs to OPS m i rS , and one despairs of doing 
anything with it except utilizing boundedness properties on various function spaces. 

As noted, the paraproduct, defined by (3.2.0), is also an example of the construc- 
tion of M#(x,£) by symbol smoothing, this time with 8 — 1. Bony [Bo] and Meyer 
[Ml] made use of the fact that M#(x,D) G OPS m x has a special property that 
allows a bit of symbol calculus to carry through. Though the algebraic structure on 
such M#(x, D) is less well behaved than in the 5 < 1 case, one has the advantage 
that the recalcitrant remainder term M h (x,D) belongs to OPS™^ r , hence has a 
(slightly) lower order than one achieves by using symbol smoothing with 5 < 1. 

The special property possessed by M#(x, D) when it is a paradifferential opera- 
tor, of the form (3.2.0) or more generally (3.3.30), is that its symbol belongs to the 
class B r S™i, defined as follows: 

4 P(x, G B r S™ 1 <=► p(x, G A r S^ and 

p(?7,C) is supported in \rj\ < |£|/10. 

Here p(rj,£) = f p(x, ^)e~ lx ' v dx. Thus the paradifferential operator construction 
writes an operator M(u;x,D) of the form (3.3.6) as a sum 

(3.4.2) M(u;x,D) = M*(x,D) + M b (x,D) 
with 

(3.4.3) M*(x,0eB r S m 1 , M b (x,0eS m r- 
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If r G IR + \ Z + , the class B r S™ 1 coincides with the symbol class denoted B™ by 
Meyer [Ml]. 

We now analyze products a(x, D)b(x, D) = p(x, D) when we are given a(x, £) G 
S'f 1 (lR n ) and b(x,£) G BS^^W 1 ). We are particularly interested in estimating the 
remainder r v (x,£), arising in 



(3.4.4) 
where 



a(x, D)b(x, D) = p„(x, D) + r„(x, D), 



(3.4.5) 



PvM= E l —rdfa(x^)-d^b(x^)- 



\a\<u 



Theorem 3. 4. A below is a variant of results of [Bon] and [Mey], established in [[AT]]. 
To begin the analysis, we have the formula 

(3.4.6) r„0n, £) = j [a(x, £ + r?) - ^ ^ d H x ' 0] ^Hv, d V . 



Write 
(3.4.7) 

with 
(3.4.8) 



3>0 



0&,f) = J A l , j (x,^,ri)B j (x,^,ri) dr] 
= J A vj (x,Z,y)Bj(x,Z,-y) dy, 



where the terms in these integrands are defined as follows. Pick $ > 1 and take a 
Littlewood-Paley partition of unity {(p? : j > 0}, such that (po(v) is supported in 
\rj\ < 1, while for j > 1, <Pj(rj) is supported in i?- 7-1 < \rj\ < Then we set 



1 



(3.4.9) 



\a\<v 

B j (x,Z, V ) = b(r J ,0<p j (r J )e ix -v. 



Note that 



(3.4.10) 



Bj(x,£,y) = <fij(D y )b(x + y,^). 
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Thus 

(3.4.11) H^-Or^OlU- <C^\\b(;0\\c : . 
Also, 

(3.4.12) supp S(t/, C {\rj\ < p\£\} B^x^y) = for > p\£\. 

We next estimate the L 1 -norm of A V j(x,£,-). Now, by a standard proof of 
Sobolev's imbedding theorem, given K > n/2, we have 

(3.4.13) \\A vj {x,Z,-)\\ L i <C||r^-(a;,e,-)||H-, 

where Tjf(rf) = fi&rf), so TjA U j is supported in < Let us use the integral 
formula for the remainder term in the power series expansion to write 

(3.4.14) 

w £ ^(/ 1 (i-«r 1 ^«(*,e+^)«fa)*' 1 " 1 ^. 

1 ' |a|=i/+l ' 

Since |r7| < $ on the support of TjA u j, if also -j?- 7-1 < then 1 1?- 7 77 1 < p# 2 |£|. 
Now, given p e (0, 1), choose # > 1 such that 

ptf 3 < 1. 

This implies (£) ~ (£ + sfflr)), for all s G [0, 1]. We deduce that the hypothesis 

(3.4.15) \d%a(x,£)\ < C Q (£) M2 " |a| for |a|>i/ + l 
implies 

(3.4.16) ik^coiIl! < o^^er^- 1 , for < piei- 

Now, when (3.4.11) and (3.4.16) hold, we have 

(3.4.17) K 3 (x^)\ < C v ^ 1 - r H0' t2 - v - 1 \\KMcr 1 
and if also (3.4.12) applies, we have 

(3.4.18) \ru(x,$\<C v (t)'»- r \\b(-,Z)\\cr, if 1/ + 1 > r, 
since 

^~ 1 <p\6\ 
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in such a case. 

To estimate derivatives of r v (x,£), we can write 

DlD}r vj {x,Z) = 

(3.4.19) 



E E [D^DfA l/j (x,^y).D^DfB j (x,^-y)dy. 

Now Dj 1 A u j(x, £, y) is produced just like A U j(x, £, y), with the symbol a(x, £) 
replaced by D^Dj 1 a(x, £), and D^ 2 Dj 2 Bj(x, £, — y) is produced just like f?j(x, £, — y), 
with replaced by D^. 2 Dj 2 b(x^). Thus, if we strengthen the hypothesis 

(3.4.15) to 

(3.4.20) \d^d^a(x,0\<C cef 3(0 fl2 ~ lal+m for \a\ > v + 1, 
we have 

(3.4.21) \\D^DfA UJ {x,^-)\\ L i < cM v+1) {^ 2 ~ ]ll]MPl] ~ v ~\ 
for -j?- 7-1 < Furthermore, extending (3.4.11), we have 

(3.4.22) WD^DfB^-)^ < C^~^ : ||Z^6(-, || C ; • 
Now 

(3.4.23) J] fiHy+i+m-r) < c|f [H-H-l/M-^ 

if v + 1 > r, so, as long as (3.4.12) applies, (3.4.21)-(3.4.22) yield 

(3.4.24) \DgD2r„{x,t)\<C £ (£} M2 +l ^ H7l| -l^(-, , 

71+72=7 

if z/ + 1 > r. These estimates lead to the following result. 
Theorem 3. 4. A. Assume 

(3.4.25) a(x,t)eS? A , b(x^) e BS^ V 
Then 

(3.4.26) a(x, D)b(x, D) = p(x, D) e OPSfj m 
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Assume furthermore that 

(3.4.27) \d%d%a(x,{;)\<C a p(0^-W + W, for \a\ >i/ + l, 
witt Hi < [i, and that 

(3.4.28) \\D%b(;0\\cr <C a (0 m2 " H . 
ITien, ifv + l> r, we /lave (344)-(3.4.5) with 

(3.4.29) rvOr, D) G OPS^™ 2 " 7 ". 
in particular, if (3.4.25) holds and in addition 

(3.4.30) 6(x,Oei3 r ^ l5 

for some r > 0, then a(x,D)b(x,D) G OPS™^ and (344)-(34.5) hold with 

(3.4.31) r v {x^)eS^~\ f° r v ^ r - 

Following [M2], we next construct a microlocal parametrix. As usual, we say 
g(x,0 G S 1 ™! is elliptic on a closed conic set T if \q(x, £)| > C|£| m on T, for |£| 
large. It is clear that in such a case there exists Po(x^) G S^™, equal to ^(a;,^) -1 

on r. 

Theorem 3.4.B. Let T x CC T be conic sets in T*R n \ 0. If r > and q(x,0 G 
B r S™ 1 is elliptic on T, t/iere exists p(x,£) G siic/i t/iat 

(3.4.32) p(x, D)q(x, D) = P(x, D) + R(x, D) 
with 

(3.4.33) P(x,Q e eZZzp&c on Ti, 
and 

(3.4.34) GS^. 

Proof. Take any P(x,£) of the form (3.4.33), with conic support in T, and let 
p (x^) = q(x,0 _1 ^(^,0 5 for |f| large, po(x^) G S^. Then Theorem 3.4.A 
applies to po(x, D)q(x, D). By a straightforward and standard induction one can 
construct pj(x^) G Si ™~ J , j < [r], such that (3.4.32) holds for p = p H hp[ r ]. 

We remark that p{x,t) so constructed actually belongs to A r S^. Thus we can 
write 

(3.4.35) p(x,t)=p*(x,t) +P b (x,0, V* G P & e SiT"' 
and hence 

(3.4.36) p # (x, £>)g(:r, D) = P(x, D) + R^x, D) 

with P{x,D) as in (3.4.32)-(3.4.33), and Ri(x,£) G STj. 
We next establish a regularity result. 



83 



Lemma 3.4.C. Ifq(x,£) G B r S™i is elliptic on a conic set Y and if u E H s ' p while 
q(x, D)u G H a ' p , then u G H ( ^,J ri,p (F) , provided p G (1, oo), s > m, and 

(3.4.37) 0<a + m<s + r. 

Proof. Taking p(x,£) G A r S^, P(x,£) G S% as in Theorem 3.4.B, we have 

(3.4.38) P(x, D)u = p(x, D)(q(x, D)u) - R(x, D)u G H a+m ' p , 

provided (3.4.37) holds, which gives the proof 

Next we obtain a result on the extent to which an operator with symbol in B r S™i 
is microlocal. 

Proposition 3.4.D. Ifq(x,£) G B r and u G H s > p n H^(T), then q{x,D)u G 
i^~™' p (r), provided s > m, s > 0, and 

(3.4.39) s < a < s + r. 

Proof. Adding K{Z) m , we can assume q{x,£) is elliptic on V. Set v = q{x,D)u G 
H 8 ~ m,p , granted m < s. By Theorem 3.4. B and the comment following its proof, 
given conic Ti CC T, there exists p # (x,£) G B r S^™ such that (3.4.22) holds, with 
P(x,£) G elliptic on F 1 . Hence 

p*(x, D)v = P(x, D)u + Ri{x, D)u G H a ' p , 

granted s + r > a. Since p^(x,£) is elliptic on Ti, Lemma 3.4. C applies, to complete 
the proof. 

We now obtain an improvement of Lemma 3.4. C to the following microlocal 
regularity result. 

Proposition 3.4.E. The assertion of Lemma 3.4 -C holds with the hypothesis on 
q(x,D)u weakened to q(x,D)u G H^^F). 

Proof. In (3.4.24), we see now that p(x,D)(q(x,D)u) G H^' P (T), so therefore 
P{x, D)u G H a+m ' p , under the hypotheses of the Lemma. 

We can use these propositions to sharpen up some of the results of §3.1 and §3.3. 
For example, using 

F{u) = M # (x, D)u + R 

with M*(x,£) G B r Sl t , R G H s+r ' p , given u G C r n H s > p , r, s > 0, we see that 
in the Rauch Lemma, Proposition 3.1.E, the condition (3.1.52) can be sharpened 
to s < a < s + r. Similarly, in the microlocal regularity result on solutions to a 
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nonlinear PDE, F(x,D m u) = f, given in Theorem 3.3.B, one can sharpen (3.3.18) 
to 

(3.4.40) u g H ™-r+°* n C™ + \ f e H s m p cl (x ^o) ^ue H^ s ' p (x ^o). 

However, this does not yield a sharpening of the elliptic regularity result of Theorem 
3.3.C. 

Whether these sharpenings constitute major or minor improvements might be 
regarded as a matter of taste. Material in following sections should demonstrate 
essential advantages of results on B r S™ 1 described above. In the next section we 
establish a commutator estimate which seems to be inaccessible by the tools used in 
§3.1 and §3.3, involving operator calculus in OPS™ 5 , with 5 < 1. In later chapters, 
particularly Chapter 5, we use such an estimate to obtain results which are not only 
sharper than those available by techniques involving use of the latter calculus, but 
have a natural feel to them which should provide good evidence of the usefulness 
of the paradifferential calculus. 

Though we have concentrated on the study of B r for r > 0, it is of interest 
to note the following. 

Proposition 3.4. F. Ifp(x,£) G B°S^i and 1 < p < oo, then 

(3.4.41) p(x, D) : H s+m ' p => H s ' p for all s G R. 

Proof. Looking at the proof of Theorem 2.1. A, reduced to the study of q(x,£) = 
Qi + Q2 + Qs in (2.1.14), we see that it suffices to consider q±(x, D). This is done in 
(2.1.15). 

Hormander [H2] shows that operators with symbol in B r S v% 1 belong to ^/^l = 
OPS^ n (OPS^)*. This contains the results (3.2.21), (3.3.35)| and (3.4.41). The- 
orem 3.4. A is generalized in [H2] to the case q(x,D) G See also Bourdaud 
[BG] for algebraic properties of ^TY 

The space OPB r S{ 1 does not quite form an algebra. However, it is easy to 
see that, if p(x,£) G B r S^ 1 and q(x,£) G B r S™ x have the further property of 
fiiViOi QiViO being supported on \rj\ < |£|/30, then parallel to (3.4.4) we have 
p(x, D)q(x, D) = P(x, D) + R(x, D) with 

(3.4.42) P(x,0 G B°S™+>*, R(x,£) G B°S^~ r . 

To see this, note that the symbol pj^q of p(x, D)q(x, D) is given by 

ip*q)M = (2n)- n J p(x^ + 0e ix< q(C0dC 

so 

(p#«) A (v, = fp(v-C,Z + C)q(C, d(. 

Also note that, if we start with p(x,£) G B r Si 1 , applying a cutoff to achieve the 

further restriction on p(rj, £) alters p(x,£) by an element of B r S^ r . Thus from 
Theorem 3. 4. A we have: 
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Corollary 3.4.G. If r > 0, p(x,£) E B r S^ q(x,£) £ B r S^ then 

(3.4.43) p(x, D)q(x, D) = Pi (x, D) + R x (x, D) 

with Pi(x,^) G B°S™i^, given mod S™i^~ r similarly to (3.4.5), with v = r, and 

(3.4.44) R^x, D) : H s ' p — > H s-™-»+r, P 
for all s e R, p G (1, oo). Consequently, in the scalar case, 

(3.4.45) \p(x, D),q(x, D)} : H s ' p — > H s-m-n+*,p^ a = min ^ ^ 

Having discussed operators with symbols in B r S ni 'i, we now note some applica- 
tions to a smaller class of operators, with symbols in a space denoted £™. These 
operators are the ones used by Bony in [Bo]. By definition, is the image of 
C r S™ under a smoothing process, with 5 = 1, of the form 

(3-4.46) a#(-,0 = J2^k- 5 (DH;OA+i(0- 

In case a = a(x) is independent of £, then 

(3.4.47) a*(x, D)u = n(a, u) = T a u 
is paramultiplication, as in (3.2.0). If we have 

(3.4.48) a(*,0 = 5>i(aO&(0, 
then 

(3.4.49) a*(x,D)u = ^T a .^-(D)u. 

As in [Bo] , we also denote this operator by T a . we will also denote by T' a the operator 
obtained by replacing ^k-5(D) by ^k-io(D) in (3.4.46). It is clear that, for r > 0, 

(3.4.50) a(x, e C r S2 =5> T a e OPB r S^ T a -T' a e OPB r S^ r . 
In particular, 

(3.4.51) T a -T' a : H s ' p — ► H s-™+r, P 
for all s e R, pG (1, oo). From Corollary 3.4. G we have: 
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Corollary 3.4.H. Ifaj(x,£) G C r S™\ then 

(3.4.52) T' a T' a2 - T' aia2 G OPB r S™l +m >-°, a = min(r, 1). 
Consequently, 

(3.4.53) T ai T a2 - T aia2 : if s ^ — > H s ~ m 
/or s G I, pG (1, oo). 

§3.5. Product estimates 

There are results more sophisticated than (3.1.59) on products that can be ob- 
tained from a careful analysis of the terms in 

(3-5.1) fg = T f g + T g f + R(f,g), 

where, as in (3.4.47), 

(3-5.2) T f g = J2(*k- 5 (D)f) • {1>k+i(D)g), 

k 

and 

(3-5.3) R(f,g) = J2ir k (D)f) ■ (ip k (D)g) 

k 

where 

fc+5 

(3.5.4) r k (o = £ mo- 

e=k-5 

Note that R{f,g) = R{g,f). 

A number of results on Tfg and T g f follow from the obvious fact that 

(3.5.5) / GL°° =>T f G OPB°Sl 1 . 
Hence 

(3.5.6) ||T/(/|| ff ., P < CspII/Hl-IMIhs.p 
for s G R, p G (1, oo). Almost equally obvious is 

(3.5.7) / G =>► 2> G OPBPS^ if a« > 0, 
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SO 

(3.5.8) \\T f g\\ H .-M < C||/|| c -„|M|ff.„>, fi > 0, 
for sGl, p G (1, oc). Since 

77 

(3.5.9) £T' P C for - - r = At, 
we have in particular 

77- 

(3.5.10) llT^II^+.^/p.p < C||/||h^|I^IIh^, r < -, 

for s G R, p e (1, oo). 

As for R(f,g) = R/g, we have in partial analogy to (3.5.5) and (3.5.7) that 

(3.5.11) / eCl^Rf e OPS^l, reR, 

so, in analogy to (3.5.6) and (3.5.8), 

(3.5.12) \\R(f ig )\\ H s +r , P < C||/|| C ;N|ff..«>, reR, s>-r, 
for p G (1, oc), while, in analogy to (3.5.10), we have 

Tl 

(3.5.13) \\R(f,g)\\ Hr+s - n / P , P < C\\f\\ H r;p\\g\\H^p , r + s>-, 

V 

if p E (1, oo). 

More subtle results on Rf 7 as well as useful results on 

(3.5.14) T p f g = T g f, 

can be deduced from the following important result, Theorem 33 of [CM]: 

Theorem 3. 5. A. Let cp,ip e 5(lR n ), -0(0) = 0. (Slightly more general cp,ip are 
handled in [CM].) Let m G L°°(IR + ). Then the operator 

oo 

(3.5.15) r(a, f) = J (<p(tD)f) ■ &(tD)a) ^ dt 

o 

satisfies 

(3.5.16) \\r(aJ)\\ L 2 <C\\a\\ BM o\\f\W- 
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There is a corresponding estimate for the discrete analogue 

(3.5.17) ^2( V (2- k D)f) ■ {^{2- k D)a)m k . 

k 

The operators R{a, /) and Tgf are special cases of this. Consequently, 

(3.5.18) \\R(f,g)\\L* <C\\f\\ B Mo\\g\W 

and 

(3.5.19) \\T f g\\» <C\\g\\ B Mo\\f\\v- 

In Appendix D we establish variants of Theorem 3. 5. A, strong enough to yield the 
estimates (3.5.18) and (3.5.19). 

Since Rf e OPS® l is a singular integral operator for / e BMO C C°, Calderon- 
Zygmund theory, discussed in §0.11, implies that (3.5.18) can be extended to 

(3.5.20) \\Rtf,g)\\L><C p \\f\\ B Mo\\9\\L*, pe(l,oo). 

We produce an extension of this which will be useful. (See Lemma 3.5.E for further 
results.) 

Proposition 3.5.B. Let X r be a Banach space with the property 

(3.5.21) P e OPS r h0 ^P:X r — ► BMO. 
Then, for p G (1, oo), reR, 

(3-5.22) \\R(f,g)\\ LP <C\\f\\ Xr \\g\\ H - r , P . 

Remark. In fact, the natural choice for X r is the bmo-Sobolev space 

(3.5.23) X r = f) r <°° = (1 - A)" r / 2 bmo, 

where bmo denotes the local version of BMO. See [[T2]] for further discussion. Note 
that the spaces H r+n /P>P, r e R, and C k , r = ke Z+, have the property (3.5.21). 
These spaces are all subspaces of the space given in (3.5.23). 

Proof. Decompose / into Y^fLi ft-> vm operators in OP<S° , so the Fourier trans- 
forms of fi lie in 2 k < \£\ < 2 k+2 with k = £ mod 20. Similarly decompose g. It 
suffices to estimate each R(ft, g m )- In such a case, we can find 

(3.5.24) Ft = Q+fe E BMO, G m = Q- 9m eL p , Q±eOPS± r 
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such that, for each k, 

(3.5.25) r k (D)h = 2- kr ip a k (D)F e , ij> k {D)g m = 2 kr ^ k {D)G m . 

Hence R(fe,g m ) = R(Fe,G m ), so the estimate (3.5.22) follows from (3.5.20). 

To give one example of how (3.5.22) helps to sharpen conclusions using (3.5.12), 
note that, if we apply (3.5.10) and (3.5.13) to the decomposition (3.5.1) of fg, we 
conclude that 

71 71 

(3.5.26) / G H r > p , g G H s ' p , r < -, s < - 

p p 

implies 

(3.5.27) fg G H r+s ~ n / p ' p provided also r + s > ^. 

The only term for which this extra condition is required is R(f, g); the weakness is 
in (3.5.13). By Proposition 3.5.B and (3.5.25), we can extend this implication to 

the case r + s = n/p : 

71 

(3.5.28) fg G L p provided r + s = -, 

assuming (3.5.26) holds. Of course, this also follows from the Sobolev imbedding 
theorem: 

(3.5.29) H r > p C L np / (n " rp) , r < -, 

p 

together with Holder's inequality, so it provides only a minor illustration of the 
effectiveness of Proposition 3.5.B. 

As a more substantial illustration, we provide a proof of the following estimate, 
which for p = 2 was announced in [Che2] and applied to interesting results on the 
Navier-Stokes equations. 

Proposition 3.5.C. Letu G H s ' p , v G H r > p be vector valued. Assume r < n/p, s < 
n/p + 1, r + s > n/p. Then 

(3.5.30) div V = V ■ Wu G H r+s-n/p-l, P ^ 

Proof. Using v ■ V« = div (u <S> v) — u(div v), we see that, when divu = 0, 

div R(u,v)= ^2 div(ipj(D)u<S>ipk(D)v) 
\j-k\<5 

\j-k\<5 

= R(v,Vu). 
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Hence, when div v = 0, 

v-Vu = T v (Vu) + T {Vu) v + R(v, Vu) 
(3 ' 5 ' 31) =T v (Vu) + T {Vu) v + div R(u,v). 

The hypotheses on u and t> imply 

T w G OFB°S 1 n/ 1 p " r , T Vu G OPjB°5"i P_S+1 , 

so the first two terms on the right side of (3.5.31) belong to the space in (3.5.30). 
Whenever r < n/p and r + s > n/p, we can apply (3.5.11) to obtain 

(3.5.32) R(u, v) G H r+8 ~ n ' p ' p . 

It remains to consider the case r < n/p and r + s = n/p. Then we can apply 
Proposition 3.5.B, with f = uE X~ r = H n / p ~ r ' p , g = v G H r ' p , to get R(u, v) G L p 
in this case, so again div R(u,v) belongs to the space in (3.5.31). 

Remark. In case n = 2, (3.5.30) is related to the "div-curl lemma" of [[CLMS]], 
which implies that 

divt; = 0, v G L 2 , u G H 1 ' 2 => v ■ Vw G f) 1 , 

where f) 1 denotes the Hardy space. Note that forn = 2, p = 2, r = 0, s = 1, 
(3.5.30) says 

divv = 0, D6L 2 , it G tf 1 ' 2 ==>■ i> • Vw G if" 1 ' 2 (if n = 2). 

To relate the two results, note that since (I) 1 )* = bmo and if" 1,2 (IR 2 ) C bmo, we have 
^(M 2 ) C ii"- 1 ' 2 (R 2 ). On the other hand, L X (M 2 ) is not a subspace of if" 1 - 2 ^ 2 ). 

We record a further extension of Proposition 3.5.B. 

Proposition 3.5.D. Given r G K, Ze£ X r /mi>e £/ie property (3.5.21). TTien, /or any 
s G [0, oo), pG (1, oo), 

(3.5.33) < C||/||xHI^IIh— 

Proof. The content of (3.5.22) is that 

R f : H~ r ' p — ► L p for / G X r . 
We claim R f : H 1 '^ -> if 1 * for / G X r . This follows from 

fy-R/tf = R djf9 + Rfdjg. 

By induction, one has Rf : H^~ r,p — ► iP' p for j = 1, 2, 3, . . . , when / G X r . Then, 
by interpolation, R f : H s ~ r > p -> # s -p, s > 0, giving (3.5.33). 

Above, we made use of the extension of (3.5.18) to L p -estimates, based on Rf G 
OPSi^. In fact, it is useful to note that, in general, (3.5.16) can be extended to L p 
estimates. This is based on the following simple estimate. 
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Lemma 3.5.E. If(p,ipE <S(IR n ), and r a f = r(a, f) is given by (3.5.17), then 

(3.5.34) r a f(x) = J K a {x,y)f{y)dy, 

with 

\K a (x,y)\ < C\\a\\ C o\x - y\~ n , 

(3.5.35) 

\V x , y K a (x,y)\ < C\\a\\ c o\x - y]-™- 1 . 

Proof. We have the formula 

K a (x, y) = J2 m k a k (x)2 nk 0(2 k (x - y)) 

with Ak = ifj(2~ k D)a, so ||afc||z,°o < C 1 1 a 1 1 c° - From this the estimates (3.5.35) are 
easily obtained. 

As discussed in §0.11, it is a basic result of Calderon and Zygmund that, when 
an L 2 -bounded operator has a kernel satisfying (3.5.35), then the operator is of 
weak type (1,1), and bounded on L p for p G (l,oo). Thus the estimate (3.5.16) 
extends to 

(3.5.36) \\r{a,f)\\ LP <C p \\a\\ BM o\\f\\L P , K P < oo. 

Propositions 3.5.B and 3.5.D cannot extend completely to general r(a, /), since 
in particular they cannot extend completely for Tfa, but the following partial ex- 
tension is very useful. 

Proposition 3.5.F. Let (p,ip e 5(lR n ) and assume ip(£) = for |£| < c . Let 
r(a, /) be given by (3.5.17). Let r G Z + and assume X r satisfies (3.5.21). Then 

(3.5.37) \\r(aJ)\\ H s, P < C\\a\\ X r\\f\\ H s- r , P , < s < r. 

Proof. First take the case s = 0. Say / = D a g, \a\ = r, g G L p . Write a = X^=i 
with at supported in 2 k < \£\ < 2 k+1 with k = £ mod 10, such that there exist 
bi G BMO with 

tfj(2- k D)a e = 2- kr tf;(2- k D)b e , VA; G Z+, 
as in the proof of Proposition 3.5.B. Thus, denoting (3.5.17) by r^ i¥ ,(a, /), we have 

(3.5.38) T^ jlfi (at, D a g) = r^ a (b e , g) 
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where (p a (£) = £>(£)• Th us (3.5.36) yields (3.5.37) for s = 0. For s = j < r, f e 
H j ~ r ' p , write 

(3.5.39) D? T (aJ)= ^ C 7fT r(^a, £T/), 

and use induction to obtain (3.5.37) for such integers s. The general result for 
< s < r follows by interpolation. 

In particular this applies to r(a, /) = T/a, so for example we have the estimate 

(3.5.40) \\T f g\\H'.* < C\\f\\ Hs -i, P \\g\\ Lip ^ < s < 1, 

which will be useful for commutator estimates in the next section. 

To end this section, we note results on the terms in the decomposition of 

(3.5.41) M(u; x, D) = M*(u; x, D) + M b (u; x, D) 
for M(u;x,D) arising from F(x, D m u) as in (3.3.6), so 

(3.5.42) F(x, D m u) = M(u; x, D)u mod C°°, 

when the Bony- Meyer paradifferential method is used to construct M#, so 



(3.5.43) 



u e C m+r ^M#(u;x,0 e B r S^ x 
M b (u;x,0eS™- r - 



Estimates of the form above for T w v apply to M#(u;x,D) and estimates of the 
form above for R(w, v) apply to M b (u; x, D). Looking at the analysis behind (3.5.5), 
(3.5.33), (3.5.37), and (3.5.40), one verifies the following. The spaces X r are as in 
Propositions 3.5.B and 3.5.D. 

Proposition 3.5.G. For the decomposition (3.5.41) described above for M(u; x, D), 
arising as in Proposition 3. 3. A, we have the following estimates, for p G (l,oo) : 

(3.5.44) \\M*(u]x,D)v\\ H ^p < C sp {\\u\\ L °o)\\u\\c™ \\v\\ H s+ m , P , s G R, 
and, for reK, 

(3.5.45) \\M b (u; x, D)v\\h s >p < C S p(\\u\\L°°)\\u\\x™+r\\v\\Hz+™- r <p, s > 0. 
Furthermore, given r G Z+ 

(3.5.46) \\M*(u;x,D)v\\ H 3,p < C(\\u\\L°°)\\v\\xm + r\\u\\Hs + m—r,p, < S < 



93 



in particular, 

(3.5.47) \\M*(u;x, D)v\\ Jfs,P < C(||'U||l / oo)||t!|| C .m + l ||w||j^ S + m -l,p, < S < 1. 

§3.6. Commutator estimates 

In this section we establish a number of estimates, including the following two: 

(3.6.1) \\P(fu) - fPu\\ LP < C\\f\\ Lip 4u\\ Hs -u P +C\\f\\ H s, P \\u\\ L ~ 
given P G OPSf , s > 0, p G (1, oo), and 

(3.6.2) \\P(fu) -fPu\\ LP < C\\f\\ Lip i\\u\\ L , 

given P G OPS\ Q . The first generalizes an estimate of Moser [Mo] when P is a 
differential operator. Such an estimate was proved by Kato and Ponce [KP] when 
P = (1 — A) s / 2 , by a different method than used here. The second estimate is due 
to Coifman- Meyer [CM2], generalizing the case when P G OPS^ due to Calderon 
[Cal]. Both these estimates will play important roles in subsequent chapters. 
To begin, write, as in (3.5.1), 

f(Pu) = T f Pu + T Pu f + R(f, Pu) 
( ' ' } P{fu) = PTfU + PT u f + PR(f, u). 

Using Theorem 3. 4. A and the observations leading to Corollary 3.4. G, we have 

(3.6.4) / G Lip 1 , P G OPS s lfi =^ [T f , P] G OPB S S 1 ~ 1 1 . 
hence 

(3.6.5) \\[T f ,P]u\\ H «, P <C\\f\\ Lip i\\u\\ Hs -i + „ P , a eW, 

for s G K, p G (1, oo). 

We estimate separately the other four terms on the right sides in (3.6.3). First, 

(3.6.6) u eL°° ^T u e OPB°Sl 1 , 
so 

(3.6.7) \\PT u f\\ H «, P < C\\u\\ L °o \\f\\ H s+^, cr g R, 
for s G R, p G (1, oo). Similarly, by (3.5.7), 

(3.6.8) tt G L°°, P G OP^ s ^T Pu e OPB°S s 1 if s > 0, 
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SO 

(3.6.9) \\T Pu f\\ H ^ < C||u|| L oo \\f\\ H ^, P , u6l, 

for s > 0, p G (1, oo). 

To estimate R(f, Pit), we can use 

(3.6.10) / G Lip 1 =>R f G OPSfJ 
to deduce 

(3.6.11) ||i2(/,Pu)|| H a„ < C||/|| Lip i||«|| H .-i + .,p, a > 0. 

But since we are particularly interested in the case a = in (3.6.1), we will appeal 
to Proposition 3.5.D, with X r = X 1 = Lip 1 , to obtain 

(3.6.12) \\R(f,Pu)\\H°.* < C||/|U ip i||u|| H .-i + „,p, a > 0. 
Similarly, using this proposition, we have 

(3.6.13) \\PR(f,u)\\ H ",> < C||/|U ip i||u|| H .-i + .,p, a > -s, 

such an estimate for a > — s following more simply from (3.6.10). 

Thus the estimates (3.6.5), (3.6.7), (3.6.9), (3.6.12), and (3.6.13) yield the fol- 
lowing extension of the Kato-Ponce estimate. 

Proposition 3. 6. A. Given P G OPS( , s > 0, we have 

(3.6.14) \\P(fu)-fPu\\ H °.* <C||/|| Lip i||u|| H .-i + .,p+C||/|| H . + ., I ,|H|i,oo, 
for a > 0, p G (1, oo). 

The one point in the proof of this proposition which depends on Theorem 3. 5. A, 
i.e., Theorem 33 of [CM], is the estimate (3.6.12), improving (3.6.11). Thus (3.6.14) 
is proved for a > without using this result of [CM]. We now show how it can 
also be proved for a = 0, independently of Theorem 3. 5. A, using some simple 
commutations. 

The only element of (3.6.3) that did not give rise to an adequate estimate for 
a = 0, without depending on Theorem 3. 5. A, is R(f, Pu). However, we will find it 
more convenient to estimate 

(3.6.15) T^J = T Pu f + R(f,Pu), 
where generally 

(3.6.16) fg = T f g + T R f- T g R f = T g f + R(f,g). 
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The advantage is that, from (3.6.6) and the obvious estimate on fg, we have 
(3-6.17) ||Tf/|| LP <C||/|| L oc||^|| iP , 
without using Theorem 3. 5. A. We need to prove 

(3.6.18) \\T? u f\\ LP <C|H| L =c||/|| H .„ + C|H| 
Given u G H s ~ l ' p fl L°°, we can write 

(3.6.19) u = J2 A ~ ld J v 3+ A ~ lv o, A s = (l-A) s/2 , 



case 



with H'UjH^s-i.p < C||u||_H-s-i, P , < It suffices to examine the 

u = A~ 1 djVj. Write 

Pj = [PA -1 , dj] e OPS[- Q x , Q = PA' 1 e OPS^ 1 . 

Now, with u = A^djVj, since Tg f = d 3 T^f - T*djf, we have 

(3.6.20) T*J = Tp. v .f + djT§ v .f - T§ v .djf. 

We estimate the three terms on the right. By (3.6.17), 

(3 6 21) II^^/iIlp^cii^/IIlo-IIQ^ii^ 

< cilfWLip 1 ll^ll^-i.p, 

and Tp. v .f has an even simpler bound. To estimate the other term, i.e., the H 1,p - 
norm of Tq v . /, we will use the fact that 

(3.6.22) v £ C® ==>■ Tq v e OPStf, if s > 1, 
to get 

(3.6.23) \\d 3 T§ v J\\ LP < C||^|| c o||/||^, P , if 8 > 1. 

Consequently, we have a proof of (3.6.1) which does not depend on Theorem 3. 5. A, 
as long as s > 1. 

We now turn to the commutator estimate (3.6.2), which is sharper than the 
s = 1 case of (3.6.1). From what we have done so far, we see from (3.6.5), (3.6.12), 
and (3.6.13) that, for P e OPS\ fi ,<r> 0, 

\\P(fu) - fPu\\ H <>.* 

(3 6 241 

1 ' ' J ^cii/iu^i^Hh^ + ciip^/ii^ + ciiwii^. 
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Before, we dominated the last two terms by C||it||z,°o ||/||h s + ct .p 5 using (3.6.6) and 
(3.6.8). This time, we use instead (3.5.40), i.e., 

(3.6.25) \\T v f\\ H r, P < C\\v\\ Hr -i, P \\f\\ Lip i, < r < 1, 

to dominate the last two terms in (3.6.24) by C||/||£, ip i ||w||lp, in case a = 0. This 
proves (3.6.2). 

We mention that another path from Theorem 3. 5. A to the commutator estimate 
(3.6.2) is indicated in Chapter 6 of [CM]. 

We briefly discuss how the estimate (3.6.2) follows from the T(l) Theorem of 
David- Journe [DJ]. First we recall the statement of that result. Consider a function 
K on W 1 x W 1 satisfying 



\K(x,y)\ < C\x-y\ 
(3.6.26) ' 

\V x , y K(x,y)\ < C\x - y\ 



-n-l 



Suppose K agrees on R n x W 1 \ A with the distributional kernel of an operator 
T : Cq° — > V, satisfying the weak boundedness condition 

(3.6.27) |(7V y ' A ,V y ' A )| < CX n 
for all <p,i() in any bounded subset of Co°(M n ), where 

^ x (x) = ip((x-y)/X). 
Then the Theorem states that there is a bounded extension 

(3.6.28) T : L p (R n ) — ► L p (R n ), 1< p < oo, 
provided that also 

(3.6.29) T(l), T*(l) G BMO. 

We recall the following property, which actually characterizes BMO : 

(3.6.30) A e OPS% ^A:L°° — ► BMO. 

We claim that, if P e OPS\ Q and / G Lip 1 , then T = [P, /] has these properties. 
If P has Schwartz kernel L(x, x — y), then the Schwartz kernel of T is 

(3.6.31) K(x, y) = L(x, x - y)[f(x) - f(y)}, 
which implies (3.6.26) from standard estimates on L. Note that 

T(l) = P(f) - fP(l) e BMO, 

(3 6 32) 

T*(l) = —P*(f) + fP*(l) G BMO, 
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by (3.6.30). It remains to verify the weak boundedness condition (3.6.27). 

When P G OPS\ Q has symmetric Schwartz kernel, then T = [P, /] has antisym- 
metric Schwartz kernel. As noted in [DJ], the estimate (3.6.27) is easy in this case. 
Furthermore, it is easy to see that P G OPS\ has a symmetric Schwartz kernel 
(mod OPSi q) if and only if its symbol p(x,£) G Sl is symmetric in £ (mod S® ). 
There is a corresponding result on antisymmetry. 

Thus it remains to consider the case of p(x, £) G Sl antisymmetric in £. Hence 
we can consider P = Yl DjBj{x, D), with Bj(x, £) G S® , symmetric in £. Now we 
have 

(3.6.33) [DjBjfaD),/] = [D J J]B J (x,D) + D J {B J (x,D)J]. 

The first term on the right is obviously bounded on L p . Write the second term on 
the right as (DjA~ 1 )A[Bj(x, D), /], and write 

(3.6.34) A[Bj(x, D),/] = [AB^i.D),/] - [A, f]Bj(x, D). 

The operators ABj(x,D), A G OPSl both have even kernels (mod OP5f ), so 
the case discussed above applies. Thus we have the L p -boundedness of (3.6.33), 
finishing the derivation of (3.6.2) from the T(l) Theorem. 

The T(l) Theorem is proved in [DJ]. A discussion of background material is given 
in [Ch]. We note that a key ingredient in the proof is the paraproduct, including 
Theorem 3. 5. A. 

To close this section, we extend Proposition 3. 6. A to the case s = 0. In the 
derivation of (3.6.14), only the step involving (3.6.9) required s > 0. We can extend 
this result to s = if we replace ° n the right side of (3.6.14) by + 

||Pm||loo. We also note that, using (3.6.25), we can estimate T Pu f and PT u f in the 
fP'P-norm by CH/H^pi for < a < 1. Thus we have the following. 

Proposition 3.6.B. Given P G OPS? , we have 

(3.6.35) \\P(fu) - fPu\\ H °.* < C\\f\\ Lip i for < a < 1, 
and, for a > 1, 

\\P(fu)-fPu\\ H ^ 

(3.6.36) 

< C\\f\\ Lip i\\u\\ H «-i, P +C\\f\\ H °,v{\\u\\ L oo + \\Pu\\ L °°)- 
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Chapter 4: Calculus for opc 1 s\ 



In the last chapter, we developed an operator calculus and used it for several 
purposes, including obtaining commutator estimates in §3.6. Here we work in the 
opposite order. In §4.1 we recall the estimate (3.6.2) of Coifman-Meyer (generalizing 
results of Calderon) and show how it leads to further commutator estimates for 
operators with C 1 -regular symbols. Then we use these commutator estimates to 
establish an operator calculus for symbols in C 1 S™. For this, Calderon's estimates 
suffice, and much of the material of §4.2 is contained in [Ca2], [Ca3]. In §4.3, we 
look at a Garding inequality, more precise, though less general, than the Garding 
inequality in Proposition 2.4.B. 

Section 4.4 discusses relations between OPC 1 ^ and paradifferential operators 
with symbols in Bony's class E™. 

§4.1. Commutator estimates 

We begin by recalling the commutator estimate of Coifman-Meyer proved in 
§3.6. 

Proposition 4.I.A. If P e OPSl , p G (l,oo), then 
(4-1.1) \\P(fu) - fPu\\ LP < C||/|| Lip i||u|Up. 



We will derive several generalizations of this, with implications for OPC 1 *?™. To 
begin, we obtain a generalization of (4.1.1) with / replaced by A(x, D) e OPC 1 ^, 
as follows. Modulo minor additional terms, 

(4.1.2) A(x,D) = J2^)MD), 

i 

as noted in the proof of Proposition 1.1. A. We have 

(4.1.3) |M| c i <C M (£)- M , 
where Cm is dominated by some seminorm 

(4.1.4) A,cM) = sup{||^(-,Ollci • <0 H : £ G R", M < N}. 
Meanwhile we have a polynomial bound 

(4.1.5) \\MD)\\c(lp) < C P (£} K , 1< p < oo. 
Given (4.1.2), we have 

(4.1.6) [P,A(x,D)]=Y^[P,a.t]ui(D) + Y,at(x)[P,w e (D)]. 

t t 
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We can apply (4.1.1) to [P, ag\. To analyze the last sum in (4.1.6), we use the 
estimate 



(4-1.7) \\[P,u t {D)]\\ <C P (() 



K 



coming from [P,ui(D)] G OPS^q, with easily established symbol bounds. Putting 
these estimates together, we have: 

Proposition 4.I.B. If P e OPS\ , A(x,£) G C l S% 1 < p < oo, then, for some 
N, 

(4.1.8) \\[P,A(x,D)]u\\ LP < C p n° NjCl (A)\\u\\ LP . 

In the same way, given B(x,£) G C* 1 ^, we can write 

(4.1.9) B(x, D) = J2 be(x)uj e (D)A 

i 

and then 

(4.1.10) [B(x, D),A(x, D)} = J2[b m (x)u rn (D)A, a £ {x)uJt{D)}. 

£,m 

Each commutator in the sum can be expanded to 

(4.1.11) b rn [u> rn (D)A,a i ]u!t + ai[b m A,uji]uj m . 

We can apply (4.1.1) to the first term in (4.1.11). We can rewrite the second term, 
using 

[b m A,ui] = [b m ,<jj £ A] -<jj £ [b m ,A], 
and again apply (4.1.1). Thus we have: 

Proposition 4.1. C. If B(x,£) G C 1 ^, A(x,£) G C 1 ^, 1 < p < oo, then, for 
some N, 

(4.1.12) || [B(x, D),A(x, D)]u\\ LP < Ctt° NjC1 (A) ■ n 1 ^ (B) \\u\\ LP . 

Here, generalizing (4.1.4), we set 

(4.1.13) n s NjX (B) = sup{||^B(.,e)|k ' <0~ B+H :^»", \a\ < N}. 
Note that, under the hypotheses above, by Proposition 1.1. B, 

A(x,D)B(x,D) : H s+1 ' p — ► H s ' p , -1< s < 1 

(4.1.14) ^ ~ ~ 
B(x, D)A{x, D) : H s+1 > p — ► H s ' p , < s < 1, 

for 1 < p < oo. 

Noting that A[P, f] = [AP, f] - [A, f]P and [P, f]A = [PA, f] - P[A, /], we see 
that Proposition 4.1. A implies: 
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Proposition 4.I.D. If P G OPS^ , f G Lip 1 , 1 < p < oo, then 

[P, f] : H s ' p — ► H a+1 ' p , -1 < s < 0. 

Then the analysis establishing Proposition 4.1.B and Proposition 4.1.C also gives: 
Proposition 4. I.E. If P G OP5? >0 , A,-(x,f) G C 1 ^, 1< p < oo, i/ien 

[P, A,-(x, £>)] : H s ' p — ► P s+1 ' p , -1 < s < 

and 

[A^x, D), A 2 (x, D)} : P s ' p — > P s+1 ' p , -1 < s < 0. 

We end this section with a generalization of the Kato-Ponce estimate (3.6.1), 
replacing / G Lip 1 n P s ' p by A(x,D) G OPC 1 ^ n OPH s ^S%, given 1 < p < 
oo, s > 0. Write A(x, D) in the form (4.1.2). Then, given P G OPS^ , 

(4.1.15) [P, A(x, = ^ [P, a e ]u e (D)u + ^ a^(x) [P, u £ (D)]u. 

e i 

By (3.5.1), with / = ag, we have 
(4.1.16) 

|| [P, a^](^(P)w)|| LP < C||a^|| c i \\uj e (D)u\\ H s-i, P + C\\ae\\ H °.p \\ue(D)u\\ L °°- 

Now at has a bound of the form (4.1.3), both in the C 1 -norm and in the P s ' p -norm. 
In light of (4.1.5), we have 



(4.1.17) C|M| c i|MDH|^-i,p < c p m(£)- m+k A !C1 (A)\\u\\ h 



s — 1,% 



Now OPS is not bounded on L°° , so we need to work with a smaller Banach space, 
call it C^, with the property that 

(4.1.18) B G OPS G cl => B : C\ — > C° C L°° . 
Then we have an estimate 

(4.1.19) C\\a e \\Hs,4MD)u\\ L ~ < C pM (i}- M+K n° N Hs , P (A)\\u\\ c o. 

We have then a good estimate on the first sum in (4.1.15). For the last sum, we 
can use the simple estimate 

||[P,^(P)H| LP <C p {l) K \\u\\ H s-^. 

We have the following result: 
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Proposition 4.1. F. If P e OPSf and A(x,£) G C 1 ^ n H s >PS° cl with 1 < p < 
oo, s > 0, then 

(4.1.20) \\[P,A(x,D)]u\\ LP <C7rO rcl (A)||u|| H .-i, I , + C7r^ H ., I ,(A)||u|| c o. 

Whatever choice of is made in (4.1.18), we note that, if 

(4.1.21) C^ = A- r (Cj), r>0, 
then 

(4.1.22) S G OPS° cl ^B:C r # — > C r , r > 0. 

For r ^ Z, this is clear from C° C C° and A" r : C° — ► C£. If r = fc G Z, u = 
A~ r i>, v G C^, we have, for \a\ < k, D a BA~ k v = Av, A G OPS% which belongs 
to C° by hypothesis (4.1.18), so (4.1.22) is established. One candidate for is 
the Besov-type space 

(4.1.23) B^ = {ue S'(R n ) : £ Uj{D)u\\ L ~ < oo}, 

j>0 

where {ipj} is the partition of unity (1.3.1). Note that 

(4.1.24) C° D B^ A D C r , r > 0. 
In fact, this is the space we will use: 

(4.1.25) C# = i4,i- 

In the 1991 version of this work we proposed instead to take 

u G sup (£)~ K ||^(L>)w||co < oo 

t 

where if is a constant which is picked to be sufficiently large. In the process of 
producing [[T2]], the author realized that (4.1.25) works best. In particular, the 
results of §B.2 apply to make this a good candidate. 

§4.2. Operator algebra 

The analysis proving Proposition 4.1.C can also be applied to products Aj (x, D)B(x, D) 
where, with j = or 1, 

(4.2.1) AffoOeC 1 ^, B(x,0eC 1 S^ l . 
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We suppose expansions such as (4.1.2) and (4.1.9) hold. Then, in analogy with 
(4.1.10), we have 

A (x,D)B(x,D) =J2ae(x)MD)b m (x)u} m (D)A^ 

(4.2.2) e,m 

= C (x,D) + R 

where 

(4.2.3) Co(x,Z) = A (x,OB(x,0 
and 

(4.2.4) R = J2 a ^)[^( D )^m(x)]A^ m (D). 

£,m 

Applying Proposition 4.1.E, keeping in mind such estimates as (4.1.3), we have the 
first half of: 

Proposition 4.2.A. Given (4.2.1), j = 0, 1, 

(4.2.5) Aj(x,D)B(x,D) = C j (x,D) + R j , 
where 

(4.2.6) C d (x,t) = Aj(x,t)B(x,t) G C X S^\ 



(4.2.7) #0 : tf M+s ' p — ► # s+1 ' p , -1 < s < 0, 
and 

(4.2.8) i?i : H^ p — ► L p . 



For the second half, note that 
(4.2.9) R i = Yl ^rni^A, ai(x)]u e (D)A». 

Note that Proposition 4. 2. A contains Proposition 4.I.C. 

Next we establish a result on adjoints, more precise, though less general, than 
Proposition 2. 3. A. 
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Proposition 4.2.B. IfB(x,£) G C 1 ^, and B*(x,£) = B(x,£)*, then 

(4.2.10) B(x,D)* - B*(x,D) : L p — ► L p , 1< p < oo. 

Proof. Given the expansion (4.1.9), we have 

(4.2.11) B(x,D)* -B*(x,D) = ^[^(D)A, 

so the boundedness follows from (4.1.1) and the analogue of (4.1.3). 

In a similar fashion, we can use Proposition 4.1.D to establish the following. 
Proposition 4.2. C. If A{x,£) G C X S% then 

(4.2.12) A(x,D)* = A*(x,D) + R 
with 

(4.2.13) R : H s ' p — ► H 8+1 ' p , -1 < s < 0. 



§4.3. Garding inequality 

We use the operator algebra of §4.2 to establish the following useful version of 
Garding's inequality. 

Propossition 4. 3. A. Ifp(x,£) G C 1 ^/ is a K x K matrix valued symbol and 

(4.3.1) p(x,0=p(x,0*>C\ei 
for |£| Zorpe, £/ien 

(4.3.2) Re (p(x,D)u,u) > CilM^i -C2IMH2. 

Proof. Without loss of generality, we can assume 

(4.3.3) p(x, = p(x, 0* > C(e> 2 ^ for all x, £. 
Picking C\ < C, we can hence write 

(4.3.4) p(x,0-C 1 (0 2 = a(x,0 2 , 
with a(x,£) = a(x,£)* G C 1 ^. Hence 

(4.3.5) (p(x,D)u,u) = Ci\\u\\%i + (a 2 (x,D)u,u) 
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where a 2 (x^) = a(x,^) 2 . Applying Proposition 4. 2. A and Proposition 4.2.B, we 
can write 

(4.3.6) a 2 (x,D) = a(x,D)*a(x,D) + R, R : H 1 — > L 2 . 
Hence 

(4.3.7) (p(x,D)u,u) = Ci|H|hi + \\a(x, D)u\\ 2 L 2 + (Ru,u) 
and 

(4.3.8) | «) | < C3|H|Hi||«|Ua- 

This gives the desired estimate (4.3.2). 

We can replace (4.3.1) by a more standard hypothesis onp(x, £,)+p(x, £)*, though 
a little care is required to do so, since the relation between p(x, D)* and p*(x, D) 
is not as good for p(x^) G C x S 2 cl as it is for symbols in C x S x cl . 

Lemma 4.3.B. Given q(x^) = q(x,t;)* G C^S^, we can write 

(4.3.9) q(x,D) =Q + R 

where Q is a symmetric operator on L 2 , with domain if 2 , and 

(4.3.10) R : H 1 — ► L 2 . 

Proof. There exists Co > such that p(x,£) = q(x,£) + Co(£) 2 satisfies (4.3.3). 
Then (4.3.4) and (4.3.6) give 

(4.3.11) q(x, D) = (Ci - C )A + a(x, D)*a(x, D) + R, 

which does it. Note that it does not follow that Q G OPC 1 S 2 l , nor that q(x,D) — 
q(x,D)* maps H 1 to L 2 . 

Consequently the hypothesis on q(x, £) implies 

(4.3.12) |Im (q(x,D)u,u)\ < C\\u\\ H i\\u\\ L 2. 
Therefore, if p{x,£) G C 1 ^ and p s (x^) = (1/2) (p(x, + p(x, £)*), then 

(4.3.13) |Re (p(x, D)u,u) - Re (p s (x, D)u, u)\ < C\\u\\ H i \\u\\ L 2. 
This immediately yields 
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Corollary 4.3.C. In Proposition 4-3. A, the hypothesis (4.3.1) can be replaced by 
(4.3.14) P (x,0+P(x,0* >C\Z\ 2 I. 

§4.4. C 1 -paradifferential calculus 

In this section we discuss the relation of operators with symbols in C 1 *?™ and 
those with symbols in the class E™. This is the case of Bony's symbol class EJ? with 
r = 1, which has played a role in recent work of Gerard-Rauch [GR] and Metivier 
[Met2]. Recall from (3.4.32) that a symbol in E™ arises from one in C^S™ via a 
symbol smoothing process, with 6 = 1, of the form 

(4-4.1) a#(., = J2*k- 5 (D)a(-,OA + i(0- 

k>0 

As in §3.4, we follow Bony [Bo] and denote a^(x,D) also by T a . The first basic 
result is the following, part of which was stated by Metivier in (9.7) of [Met2]. 

Proposition 4.4. A. If a(x) G C 1 , then, for -1 < s < 0, p G (l,oo), 

(4.4.2) u G H s ' p ^au- T a u G H s+1 ' p . 

Proof. We write 

(4.4.3) au — T a u = T u a + R(a, u) 

and use results of §3.5 to analyze the two terms on the right. From Proposition 
3.5.D we have 

(4.4.4) \\R(a,u)\\ H s+i, P < C\\a\\ c i\\u\\ H s, P , s > -1, 
while (3.5.40) implies 

(4.4.5) \\T U 

Thus (4.4.2) follows. 

Using (4.4.2) it is fairly easy to establish: 
Proposition 4.4.B. Ifa(x,g) G C 1 ^™, then, for -1 < s < 0, p G (l,oo), 

(4.4.6) u G # s+m >f =>. a(x, D)u - T a u G # s+1 ' p . 

Proof. Writing a(x,£) = J2 a j( x )Pj(Q w ^ fij £ S 1 ™ ' ^ suffices to apply (4.4.2) to 
a = cij(x), with it replaced by (3j(D)u. 



106 



Using this we can relate such commutator estimates as in Proposition 4.1.E to 
that from Corollary 3.4.H, which implies for scalar Oj(x,£) G C 1 ^- 5 , 

(4.4.7) T ai T a2 -T a2 T ai G i— 

for s G R, p£ (l,oo). Given Proposition 4.4.B, we see that Proposition 4.1.E is 
equivalent to (4.4.7), for s G [—1,0], and mi = m2 = 0. Similarly, (4.4.7) implies 
(4.1.1) for P G OPS^i, which is Calderon's case of Proposition 4.1. A. Of course, 
we saw already in §3.6 that the full strength of Proposition 4.1. A follows from such 
ingredients, so this is nothing new. 
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Chapter 5: Nonlinear hyperbolic systems 



In this chapter we treat various types of hyperbolic equations, beginning in 
§5.1 with first order symmetric hyperbolic systems. In this case, little direct use 
of pseudodifferential operator techniques is made, mainly an appeal to the Kato- 
Ponce estimates. We use Friedrichs mollifiers to set up a modified Galerkin method 
for producing solutions, and some of their properties, such as (5.1.43), can be ap- 
proached from a pseudodifferential operator perspective. The idea to use Moser 
type estimates and to aim for results on persistence of solutions as long as the 
C 1 -norms remain bounded was influenced by [Mj]. We provide a slight sharpen- 
ing, demonstrating persistence of solutions as long as the C^-norm is bounded. 
In §5.2 we study two types of symmetrizable systems, the latter type involving 
pseudodifferential operators in an essential way. Here and in subsequent sections, 
including a treatment of higher order hyperbolic equations, we make strong use of 
the C 1 5'^ l -calculus developed in Chapter 4. 

§5.1. Quasilinear symmetric hyperbolic systems 

In this section we examine existence, uniqueness, and regularity for solutions to 
a system of equations of the form 

(5.1.1) — = L(t,x,u,D x )u + g(t,x,u), it(0) = /. 

We derive a short time existence theorem, under the following assumptions. We 
suppose 

(5.1.2) L(t,x,u, D x )v = Aj(t, x, u)djV, 

j 

that each Aj is a K x K matrix, smooth in its arguments, and furthermore sym- 
metric: 

(5.1.3) A j= A*. 

We suppose g is smooth in its arguments, with values in M. K ; u = u(t,x) takes 
values in R K . We then say (5.1.1) is a symmetric hyperbolic system. For simplicity 
we will suppose x G M where M is an n-dimensional torus, though any compact 
M could be treated with minor modifications, as could the case M — M. n . We will 
suppose / G H S (M), s>n/2 + 1. 

Our strategy will be to obtain a solution to (5.1.1) as a limit of solutions u e to 



(5.1.4) 



= J s L e J s u s + g e , u £ (0) = f, 
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where 



(5.1.5) L £ v = Aj(t, x, J £ u e )djV 

j 

and 

(5.1.6) g £ = J £ g(t,x,J £ u £ ). 

In (5.1.4), / might also be replaced by J £ f, though this is not crucial. Here {J £ : 
< e < 1} is a Friedrichs mollifier. For any e > 0, (5.1.4) can be regarded as 
a (Banach space) ODE for u £ , for which we know there is a unique solution, for t 
close to 0. Our task will be to show that the solution u £ exists for t in an interval 
independent of e G (0, 1], and has a limit as e — > solving (5.1.1). 

To do this we estimate the iiP-norm of solutions to (5.1.4). We use the norm 
ll^Hi^ = ||A s, u||i / 2. We can arrange for A s and J e to commute. We proceed to derive 
an estimate for 

(5.1.7) j t \Wu e {t)\\h =2(A s J £ L £ J £ u £ ,A s u £ )+2(A s g £ ,A s u £ ). 
Write the first term as 

(5.1.8) 2(L £ A s J £ u £ , A s J £ u £ ) + 2([A S , L £ ]J £ u £ , A s J £ u £ ). 
To estimate the first term of (5.1.8), use 

(5.1.9) (L £ +L*) = - Y} d 3 A 3 ^ ^ JeU £ )\v, 

3 

SO 

(5.1.10) 2(L £ A s J £ u £ ,A s J £ u £ ) < C(\\J £ u £ (t)\\ c i) ■ \\A S J £ u £ \\ 2 L2 . 
Next consider 

(5.1.11) [A% L £ ]v = ^"(Ajedjv) - A J£ A s (d jV )i 

3 

where Aj £ = Aj(t,x 7 J £ u £ ). By the Kato-Ponce estimate (3.6.1), we have 

(5.1.12) ||[A s ,L e H| L2 < C^JiI^Hh.II^IIloo + \\A je \\ C i ||^|| Hs -i] . 

3 

Also, there is the Moser estimate 

(5.1.13) \\Aj{t,x,w)\\Hs < C(||«;|| L =o)(l + \\w\\ H >), 

and a similar estimate on ||(7 £ ||h s ; compare (3.1.20). Using these estimates, we 
obtain from (5.1.7) that 

(5.1.14) j t \\A s u £ (t)\\l 2 < C(||J e « e (f)|| C i)(l + \\J e u £ (t)\\U- 
This puts us in a position to prove the following. 
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Lemma 5.1. A. Given f G H s , s > n/2 + 1, the solution to (5.1.4) exists for t in 
an interval I = (—A,B), independent of e, and satisfies an estimate 

(5.1.15) \\u s (t)\\ Hs <K(t), tel, 

independent of e G (0, 1]. 

Proof. Using the Sobolev imbedding theorem, we can dominate the right side of 
(5.1.14) by E{\\u e (i)\\ 2 H s), so ||ti e (t)||^ s = y{t) satisfies the differential inequality 

(5-1.16) t- E(y) > f(0) = ||/||!r.. 

GronwalPs inequality yields a function K(t), finite on some interval [0,B), giving 
an upper bound for all y(t) satisfying (5.1.16). Time-reversal gives such an upper 
bound on an interval (-A,0\. This I = (-A,B) and K(t) work for (5.1.15). 

We are now prepared to establish the following existence result. 

Theorem 5.I.B. Provided (5.1.1) is symmetric hyperbolic and f G if s (M), with 
s > n/2 + 1, there is a solution u, on an interval I about 0, with 

(5.1.17) u G L°°(I, H S (M)) n Lip(I, H 8 ~ 1 {M)). 



Proof. Take the I above and shrink it slightly. The bounded family 

u £ G C(i,h s ) nc^i.H 3 - 1 ) 

will have a weak limit point u satisfying (5.1.17). Furthermore, by Ascoli's theorem, 
there is a sequence 

(5.1.18) u ev — > u in C(J, H'-^M)) 

since the inclusion H s C i/ s_1 is compact. Also, by interpolation inequalities, 
{u e : < e < 1} is bounded in C CT (J, H s ~ a (M)) for < e < 1, so since the 
inclusion H s ~ a C C 1 (M) is compact for small a > if s > n/2 + 1, we can arrange 
that 

(5.1.19) u £v — > u in C(J, C^M)). 

Consequently (with £ = e^) 

J e L(t,x,J e u e ,D)J e u e + J s g(t,x,J e u e ) 

— s- L{t,x,u,D)u + g{t,x,u) in C(I x M), 
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while clearly du £v /dt — > du/dt weakly. Thus (5.1.1) follows in the limit from 
(5.1.4). 

There are questions of uniqueness, stability, and rate of convergence of « e to «, 
which we can treat simultaneously. Thus, with e G [0, 1], we compare a solution u 
to (5.1.1) to a solution u £ to 

(5.1.21) -^- = J £ L{t,x,J £ u £ ,D)J £ u £ + J £ g{t,x,J £ u £ ), u £ (0) = h. 
Set 

V = u — u £ 

and subtract (5.1.21) from (5.1.1). Suppressing the variables (t,x), we have 
dv 

(5.1.22) — = L(u, D)v + L(u, D)u £ - J £ L(J £ u £ , D)J £ u £ + g(u) - J £ g(J £ u £ ). 



Write 

(5.1.23) 

and 

(5.1.24) 
Now write 



L(u, D)u £ - J £ L( J £ u £ , D)J £ u £ 

= [L{u,D)-L{u £ ,D)]u £ 

+ (1 - J £ )L(u £ , D)u £ + J £ L(u £ , D)(l - J £ )u e 
+ J £ [L(u £ , D) - L(J e u £ , D)]J £ u £ 



g{u) - J £ g(J £ u £ ) = [g(u) - g{u £ )} + (1 - J £ )g{u £ ) 

+ J £ [g{u £ ) - g(J £ u e )}. 



(5.1.25) g(u) — g(w) = G(u,w)(u — w), G{u,w) = I g (tu + (1 — r)w)<ir, 

Jo ' 

and similarly 

(5.1.26) L(u, D) - L(w, D) = (u - w) ■ M(u, w, D). 
Then (5.1.22) yields 

dv _ 

(5.1.27) — = L(u, D)v + A(u, u £ , Vu £ )v + R £ 

where 



(5.1.28) 



A(u, u £ , Vu £ )v = v ■ M(u, u £ , D)u £ + G(u, u £ )v 



Ill 



incorporates the first terms on the right sides of (5.1.23) and (5.1.24), and R e is 
the sum of the rest of the terms in (5.1.23)-(5.1.24). Note that each term making 
up R £ has a factor / — J e , acting on either u £ , g(u s ), or L(u s , D)u £ . Thus there is 
an estimate 



(5.1.29) 
where 



\Rs(t)\\h <C s (\\u £ (t)\\ c i)(l + \\u £ (t)\\ 2 Hs )r s (ef 



(5.1.30) 



r s( £ ) = \\I - JsWciH^^L 2 ) ~ \\I - Je\\C(H s ,H r )- 



Now, estimating (d/dt) \\v(t)\\ 2 L2 via the obvious analogue of (5.1.9) yields 



(5.1.31) 
with 



d 
dt 



Ht)\\h<c(t)\\v(t)\\l 2 +s(t) 



(5.1.32) 



C(t) = C(||« e (t)|| C i, \Ht)\\ C i), S(t) = \\R s (t)\\h- 



Consequently, by Gronwall's inequality, with K(t) = f Q C(r)dr, 



(5.1.33) 



Ht)\\h<e KW \\\f-h\\h + 



fs{r)e~ K 
Jo 



~ K ^dr 



This estimate establishes the following 

Proposition 5.1.C For s > n/2 + 1, solutions to (5.1.1) satisfying (5.1.17) are 
unique. They are limits of solutions u e to (5.1.4), and, for t G /, 



(5.1.34) 



\u(t) - U £ (t)\\ L 2 < Ki(t)||I - Je\\c(H*-\L2)- 



Note that if J e = <p(eA) with cp £ Cq°(R), (p(X) = 1 for |A| < 1, then we have 
the operator norm estimate 

(5.1.35) \\I-Js\\c(H'-i,l*) <C-e s -\ 

Returning to properties of solutions to (5.1.1), we establish the following small 
but significant improvement of (5.1.17). 
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Proposition 5.I.D. Given f G H S (M), s > n/2 + 1, the solution u to (5.1.1) 
satisfies 



For the proof, note that (5.1.17) implies that u(t) is a continuous function of t 
with values in H S (M), given the weak topology. To establish (5.1.36), it suffices to 
demonstrate that the norm is a continuous function of t. We estimate the 

rate of change of ||it(t)||# s by a device similar to the analysis of (5.1.7). Unfortu- 
nately, it is not useful to look directly at (d/dt) ||A s w(t)||| 2 , since LA s u will not be 
in I? . To get around this, we throw in a factor of J £ , and look at 



(5.1.37) -|| A s J e u{t) ||| 2 = 2(A S J £ L(u, D)u, A s J £ u) + 2{A S J e g{u), A s J £ u). 

As above, we have suppressed the dependence on t, x, for notational convenience. 
The last term on the right is easy to estimate; we write the first term as 

(5.1.38) 2(A s L(w, D)u, A s J 2 e u) = 2(LA s w, A s J 2 e u) + 2([A S , L]u, A s J 2 e u). 

Here, for fixed t, L(u, D)A s u G if _1 (M), whish can be paired with A s J 2 u G 
C°°(M). Now we use the Kato-Ponce estimate to obtain 



(5.1.39) ||[A S ,LH| L2 < Cj2[Uj(u)\\ H s\\u\\ c i + WA^u)^ \\u\\ H '\ , 



parallel to (5.1.12). This gives control over the last term in (5.1.38). We can write 
the first term on the right side of (5.1.38) as 



The first term is bounded just as in (5.1.9)-(5.1.10). As for the last term, we have 



(5.1.36) 



u G C(I,H S (M)). 



(5.1.40) 



((L + L*)K s J e u, A s J £ u) + 2([J e , L]A s u, A s J £ u). 



(5.1.41) 




3 



We have the estimate 



(5.1.42) 



\\[Aj, J s ]djw\\ L 2 < C||AJ c i|H| L 2, 



following by duality from the elementary bound 



(5.1.43) 



||[^,J e ]/|| ff i<C||^|| C i||/|| La . 
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Consequently we have a bound 

(5.1.44) ^ll^«(*)llH.<C(||«(t)|| i)||«(t)||| r . J 

the right side being independent of e G (0, 1]. Using time-reversal gives a bound on 
the absolute value of the left side of (5.1.44). Thus || J s u(t)\\ 2 Hs = N e (t) is Lipschitz 
continuous in t, uniformly in e. As J e u(t) — > u(t) in .£P-norm for each t G /, it 
follows that ||tt(t)||/fs = No(t) = lim £ ^o N e (t) has this same Lipschitz continuity. 
The proof is complete. 

It is well known that in general symmetric quasilinear hyperbolic equations might 
have solutions that break down in finite time. We mention two simple illustrative 
examples. First consider 

(5.1.45) |^ =w2 ' u (°' x ) = 1 - 

The solution is u(t, x) = (1 — which blows up as t — > 1. Next, consider 

(5.1.46) ut + uu x = 0, u(0,x) = f(x). 

We see that u(t,x) is constant on straight lines through (x,0), with slope /(x) _1 , 
in the (x,t)-plane. However, it is inevitable that such lines intersect. At the point 
of first intersection, u x (t, x) blows up. A shock wave is formed. 

We now show that, in a general context, breakdown of a classical solution must 
involve blow-up of either sup x \u(t, x) | or sup x | V x u(t, x) | . 

Proposition 5. I.E. Suppose u G C([0, T), H S (M)), s > n/2 + 1, and assume u 
solves (5.1.1) fort G (0, T). Assume also that 

(5.1.47) \\u(t)\\ c i { M)<K <oo, 

for t G [0, T). Then there exists T\> T such that u extends to a solution to (5.1.1), 
belonging to C([0,T-l),H s (M)). 

Proof. This follows easily from the estimate (5.1.44), which has the form dN e /dt < 
Ci(t)N (t). If we write this in an equivalent integral form: 

t + T 



N e (t + t) < N e (t) + J C 1 (s)N (s)ds, 



it is clear that we can pass to the limit e — > 0, obtaining the differential inequality 
(5.1.48) d -^<C{\\u{t)\\^)N {t) 
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for the Lipschitz function No(t). Now Gronwall's inequality implies No(t) cannot 
blow up as t — > T unless ||it(t)||cri does, so we are done 

This result was established in [Mj] for s an integer. Proving such results for 
noninteger s was one of the principal motivations for Kato and Ponce to establish 
their commutator estimate in [KP]. 

We make the following remark on the factor of the form C(||w||cfi) that appears 
in the estimates (5.1.14) and (5.1.44). Namely, a check of the ingredients which 
produced this factor, such as (5.1.12)-(5.1.13), shows that this factor has linear 
dependence on the C 1 -norm, though possibly nonlinear dependence on the sup 
norm. Hence 

(5.1.49) C(\\u\\ci) = Co(\\u\\ L oo)[\\u\\ c i + l]. 

Using this and an argument similar to one in [BKM], we can sharpen up Proposition 
5.1.E a bit. 

Proposition 5.I.F. In the setting of Proposition 5.1.E, the solution persists as 
long as \\u(t)\\ c 1 (M) * s bounded. 

Proof. We supplement (5.1.48)-(5.1.49) with the following estimate, which follows 
from (B.2.12) in Appendix B. 

(5.1.50) \Ht)\\o <C\\u(t)\\ c i[l + log|4^ 
given s > n/2 + 1. Hence, if ||w(i)||ci is bounded, we have 

(5.1.51) < KN (t) [l + log+ N (t)} , 
for N (t) = \\u(t)\\% a . Since 

(5.1.52) / — = cx), 



t logr 

Gronwall's inequality applied to this estimate yields a bound on || for all t 
for which < K, completing the proof. 

§5.2. Symmetrizable hyperbolic systems 

The results of the previous section extend to the case 

du n 

(5.2.1) A (t,x,u)— = ^2A j (t,x,u)d j u + g(t,x,u), u(0) = /, 

where, as in (5.1.3), all Aj are symmetric, and furthermore 

(5.2.2) A (t,x, u) > cl > 0. 
We have: 
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(5.2.5) dt (^Mt)A'u e ) 



Proposition 5. 2. A. Given f G H 8 (M), s > n/2 + 1, the existence and uniqueness 
results of §5.1 continue to hold for (5.2.1). 

We obtain the solution u to (5.2.1) as a limit of solutions u £ to 

3u 

(5.2.3) A (t,x,J £ u £ )-^ = J £ L £ J £ u £ + g £ , u £ (0) = /, 

where L s and g £ are as in (5.1.5)-(5.1.6). We need to parallel the estimates of §5.1, 
particularly (5.1.7)-(5.1.14). The key is to replace L 2 -inner products by 

(5.2.4) (w,A 0e (t)w), A 0s (t) = A (t,x,J £ u £ ), 

which by hypothesis (5.2.2) will define equivalent L 2 norms. We have 
d 

= 2(A s dtu £ ,A 0£ (t)A s u £ ) + (A s u £ ,A' 0e (t)A s u £ ). 
The first term on the right side of (5.2.5) can be written 

(5.2.6) 2(A S A 0e d t u £ , A s u £ ) + 2([A S , A 0e ](du £ /dt), A s u £ ); 

in the first of these terms, we replace A 0e (du £ /dt) by the right side of (5.2.3), and 
estimate the resulting expression by the same method as was applied to the right 
side of (5.1.7). The commutator [A s ,Ao £ ] is amenable to an estimate parallel to 
(5.1.11); then substitute for du £ /dt, Aq^ times the right side of (5.2.3), and the 
last term in (5.2.6) is easily estimated. It remains to treat the last term in (5.2.5). 
We have 

(5.2.7) A' 0e (t) = j t A Q {t,x,J £ u £ {t,x)), 
hence 

(5.2.8) Ke(*)IU~(M) < C(\\J e u e \\ Loo , \\J e u' e {t)\M- 

Of course, \\du £ /dt\\L°° can be estimated by ||w e (t)||c 1 by (5.2.3). Consequently, 
we obtain an estimate parallel to (5.1.14), namely 

(5.2.9) j t (A s u £ ,A 0£ A s u £ ) < C a (\\u s (t)\\ C i)(l + \\J s u e (t)\\ 2 Ha ). 
From here, the rest of the parallel with §5.1 is clear. 
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The class of systems (5.2.1), with all Aj = A* and A > cl > 0, is an extension 
of the class of symmetric hyperbolic systems. We call a system 

(5.2.10) ^=Y,Bj{t,x,u)djU + g{t,x,u), u(0) = f 

3 = 1 

a symmetrizable hyperbolic system provided there exist Ao(t,x,u), positive defi- 
nite, such that Ao(t,x,u)Bj(t,x,u) = Aj(t,x,u) are all symmetric. Then applying 
Ao(t,x,u) to (5.2.10) yields an equation of the form (5.2.1) (with different g and 
/), so the existence and uniqueness results of §5.1 apply. The factor Ao(t,x,u) is 
called a symmetrizer. 

An important example of such a situation is provided by the equations of com- 
pressible fluid flow 

dv „ 1 

— + V v v + -Vp = 0, 

(5.2.11) at p 

dp 

— + \/ v p + p div v = 0. 
at 

Here v is the velocity field of a fluid of density p = p(t, x). We consider the model 
in which p is assumed to be a function of p. In this situation one says the flow is 
'isentropic.' A particular example is 

(5.2.12) p(p) = Ap\ 

with A > 0, 1 < 7 < 2; for air, 7 = 1.4 is a good approximation. 

The system (5.2.11) is not a symmetric hyperbolic system as it stands. Before 
constructing a symmetrizer, we will transform it. It is standard practice to rewrite 
(5.2.11) as a system for (p,v); using (5.2.12) one has 

Op 

— + V v p + (7^) div v = 

(5.2.13) * 

This is symmetrizable. Multiplying these two equations by (7p) _1 and p(p), re- 
spectively, we can rewrite the system as 

(7P) _1 ^7 = -{lP)~ l ^vP- div v 

(5.2.14) I 

Now (5.2.14) is a symmetric hyperbolic system of the form (5.2.1), since, by the 
divergence theorem, 



(5.2.15) 



(div v,p) L 2( M) = -(v, Vp) L 2 (M) . 
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Thus the results of §5.1 apply to the equations (5.2.13) for compressible fluid flow, 
as long as p and p(p) are bounded away from 0. 

Various important second order quasilinear hyperbolic equations can be con- 
verted to symmetrizable first order systems. We indicate how this can be done for 
equations of the form 

(5.2.16) d 2 t u - Bj (t, x , D 1 u)djd t u - AJk (^ x i D 1 u)d j d k u = C(t, x, D x u). 

j j,k 

For simplicity we suppose and A> k are scalar. We will produce a first order 
system for W = (u, uo, u±, . . . , u n ), where 

(5.2.17) -uo = d t u, Uj = djU, 1 < j < n. 
We get 

d t u = u 

(5.2.18) d t u = x i W)d jUo + AJk (^ x i W)d jUk + C(t, x, W) 
d t Uj = djU , 

which is a system of the form 

(5.2.19) -Qf=J2 H J ( £ ' x ' W)d d W + 9(t, x, W). 

j 

We can apply to each side of (5.2.19) a matrix of the following form: a block 
diagonal matrix, consisting of the 2x2 identity matrix in the upper left and the 
matrix A~ x in the lower right, where A = (A^ ), provided we make the hypothesis 
that A is positive definite, i.e., 

(5.2.20) J2 AJk ^ x > W ^^ C ^ 2 - 

Under this hypothesis, (5.2.19) is symmetrizable. Consequently, we have 

Proposition 5.2.B. Under the hypothesis (5.2.20), ifu(0) = f e H S+1 (M), u t (0) G 
H S (M), s > n/2 + 1, then there is a unique local solution 

(5.2.21) u e C(I, H S+1 (M)) n C^J, H S (M)) 
to (5.2.16), which persists as long as 

(5-2.22) \Ht)\\ci(M) + \\u t (t)\\ci(M) 
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is bounded. 

We note that (5.2.20) is stronger than the natural hypothesis of strict hyperbol- 
icity, which is that, for £ 7^ 0, the characteristic polynomial 



has two distinct real roots r = \ v {t, W,x,£). However, in the more general strictly 
hyperbolic case, using Cauchy data to define a Lorentz metric over the initial surface 
{t = 0}, we can effect a local coordinate change so that, at t = 0, (A° k ) is positive 
definite, when the PDE is written in these new coordinates, and then the local 
existence in Proposition 5.2.B applies. 

We now introduce a more general notion of symmetrizer, following Lax [LI], 
which will bring in pseudodifferential operators. We will say that a function 
R(t, 11, x, £), smooth on R x R K x T* M \ 0, homogeneous of degree in £, is a 
symmetrizer for (5.2.10) provided 

(5.2.26) R(t,u,x,£) is a positive definite K x K matrix 



for each (t, u, x, £). We then say (5.2.10) is symmetrizable. One reason for the 
importance of this notion is the following. 

Proposition 5.2.C. Whenever (5.2.10) is strictly hyperbolic, it is symmetrizable. 

Proof. If we denote the eigenvalues of L(t, u,x,£) =Y^ Bj (t, x, u)£j by Ai (t, u, x, £) < 
••• < Ak(£, u, x, £), then \ v are well defined C°° functions of (t, u, x, £), homoge- 
neous of degree 1 in £. If P^(t, it, x, £) are the projections onto the A^-eigenspaces 



(5.2.23) 




and 



(5.2.27) 




of L*, 



(5.2.28) 




then P v is smooth and homogeneous of degree in £. Then 



(5.2.29) 




gives the desired symmetrizer. 
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Note that 

(5.2.30) u e C 1+r ^Re C 1+r S° cl . 
Now, with R = R(t, u, x, D), set 

(5.2.31) Q=^(R + R*)+KA~\ 

where K > is chosen so that Q is a positive definite operator on L 2 . 

We will work with approximate solutions u e to (5.2.10), given by (5.1.4), with 

(5.2.32) L e v = ^2Bj(t,x, J e u e )d j v. 

3 

We want to obtain estimates on (A s u £ (t), Q £ A s u £ (t)), where Q £ arises by the process 
above, from R e = R(t, J £ u e ,x,£). We begin with 

(5.2.33) J t ^" u ^ Q^ s u £ ) = 2(A s ^w £ , Q £ A s u £ ) + (A s u £ , Q' £ A s u £ ). 
In the last term we can replace Q' e by (d/dt)R(t, J £ u £ , x, D), and obtain 

(5.2.34) \(A s u £ ,Q' £ A s u £ )\ < C(K(f)||ci)K(f)llff.- 
We can write the first term on the right side of (5.2.33) as twice 

(5.2.35) (Q £ A s J £ L £ J £ u £ , A s u £ ) + (Q £ A s g £ , A s u £ ). 
The last term has an easy estimate. We write the first term as 

(Q £ L £ A s J £ u £ , A s J £ u £ ) + (Q £ [A s ,L £ ]J £ u £ , A s J £ u £ ) 
(5 ' 2 ' 36) + ([Q £ A s ,J £ ]L £ J £ u £ ,A s u £ ). 

Note that, as long as (5.2.30) holds, with r > 0, R £ also has symbol in C r S® t , 
and we have, by Proposition 4.1.E, 

(5.2.37) [Q £ A S , J £ ] bounded in C(H S -\L 2 ), 

with bound given in terms of 1 1 it e (i)|| en . Now Moser estimates yield 

(5.2.38) \\L £ J £ u £ \\ H s-i < C(||u e ||i,oo)||u e || H . + C(\\u £ \\ c i)\\u £ \\ H s~i. 
Consequently we deduce 

(5.2.39) |([Q e A s , J £ ]L £ J £ u £ ,A s u £ )\ < C(\\u £ (t)\\^)\\u £ (t)\\ 2 Hs . 
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Moving to the second term in (5.2.36), note that, for L = J2Bj(t,x,u)dj, 
(5.2.40) [A S ,L] = Y^[&",B j (t,x,u)]d j v. 

3 

By the Kato-Ponce estimate, as in (5.1.12), we have 



(5.2.41) ||[A s ,L]z;|| L2 < Cj^ [pjlUip 1 \Mh> + \\Bj\\h°\\v\ 



Lip 1 



Hence the second term in (5.2.36) is also bounded by C(||tt e ||c'i)ll' u ellli" s - 
It remains to estimate the first term in (5.2.36). We claim that 

(5.2.42) (QLv,v) <C(\\u\\ C i)\\v\\ 2 La . 

We will obtain this from results of Chapter 4. By Proposition 4.2.C, 

(5.2.43) R-R*:H S — > H s+ \ -1 < s < 0, 
so in (5.2.42) we can replace Q by R. By Proposition 4. 2. A, 

(5.2.44) RL = C(x,D) + S 

where C(x,£) G C 1 ^ is i times the symbol (5.2.27), hence is skew-adjoint, and 
S : L 2 — > L 2 . Finally, the estimate 

(5.2.45) (C(x,D)v,v) <C\\vf L 2 

follows from Proposition 4.2.B. 

Our analysis of (5.2.33) is complete; we have 

(5.2.46) j t (A s u £ ,Q £ A s u e ) < C(\\u £ (t)\\ c i)\\u e (t)\\ 2 Hs . 

From here we can parallel the rest of the argument of §5.1, to prove the following. 

Theorem 5.2.D. If (5.2.10) is symmetrizable, in particular if it is strictly hyper- 
bolic, the initial value problem, with u(0) = f G H S (M), has a unique local solution 
u G C(I,H S (M)), whenever s > n/2 + 1, which persists as long as \\u(t)\\ci is 
bounded. 

§5.3. Higher order hyperbolic equations 

In §5.2 we reduced a fairly general class of second order hyperbolic equations to 
first order symmetrizable systems. Here we treat equations of degree m, making 
heavier use of pseudodifferential operators. Consider a quasilinear equation 

m— 1 

(5.3.1) d™u= Y, A j(^ x ^ Dm ~ lu ^ D x)d J t u + C(t,x,D m - 1 u), 
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with initial conditions 

(5.3.2) U (o) = /o, d tU (o) = /!,..., ar-yo) = / TO _ X . 

Here, (£, tu, D x ) is a differential operator, homogeneous of degree m—j. Assume 
u takes values in R K , but for simplicity we suppose A, have scalar coefficients. We 
will produce a first order system for v = (vo, . . . , v m -i) with 

(5.3.3) v = A m "V . . . , Vj = A m ~ j ~ 1 d{u, . . . , v m - X = d™~ x u. 
We have 

d t v = Avi 

(5.3.4) 

dtVm-2 = Afm-1 

t v m _i = ^ A, (£, x, Pu, D x )A 1+j ~ m Vj + C(t, x, Pv), 

where Pv = D m ~ 1 u, i.e., d%d{u = d^A j+1 - m Vj, so P G Note that 

Aj(t, x, Pt> , D X )A 1+J ~ m is an operator of order 1. The initial condition is 

(5.3.5) v (0) = A— Vo, . . . , Vj (0) = A m ~ j ~ 1 f j , v^O) = / m _ x . 
The system (5.3.4) has the form 

(5.3.6) d t u = L(£, x, Pv, D)v + G(t, x, Pv), 

where L is an m x m matrix of pseudodifferential operators, which are scalar (though 
each entry acts on K- vectors). Quasilinear hyperbolic pseudodifferential equations 
like this were studied in §4.5 of [T2], though with a less precise analysis than we 
give here. Note that the eigenvalues of the principal symbol of L are iX v (t, x, v, £), 
where r = \ v are the roots of the characteristic equation 

m— 1 

(5.3.7) T m -J2M^^ Pv ^)r j = Q- 

3=0 

We will make the hypothesis of strict hyperbolicity, that for £ ^ this equation has 
m distinct real roots, so L(t, x, Pv, £) has m distinct purely imaginary eigenvalues. 
Consequently, as in Proposition 5.2.B, there exists a symmetrizer, an m x m ma- 
trix valued function R(t, x, w, £), homogeneous of degree in £ and smooth in its 
arguments, such that, for £ ^ 0, 



(5.3.8) 



R(t,x,w,£) is positive definite, 
R(t,x,w,£)L(t,x,w,£) is skew adjoint. 



122 



Note that 



Pv G C 1 ==>■ L(t,x,Pv,£) G C x 5i and 
(5.3.9) 

R(t,x,Pv,£ )eC 1 S° cl . 



Since the operators <9jA 1 do not preserve C 1 , we need to work with a slightly 
smaller space, C^, as in (4.1.21)-(4.1.25), with the property that 

(5.3.10) P G OPS° cl =^P:C^ — > C 1 . 

Now the analysis of symmetrizable systems in §5.2, involving (5.2.32)-(5.2.46), can 
be extended to this case, with one extra complication, namely the form of [A s , L] is 
now more complicated than (5.2.40). Instead of the Kato-Ponce estimate, we make 
use of Proposition 4.I.F. If we write 

n 

(5.3.11) L(t,x,Pv,D)v = ^2B j (t,x,D)d j v + B (t,x,D)v 

with Bg G OPC 1 ^, then we replace the estimate (5.2.41) by 

(5.3.12) \\[A\L]v\\ l ,<CJ2[AM B j)\M 

3 

Thus we derive the following analogue of the estimate (5.2.46): 

(5.3.13) ±(A»v e ,Q e A'v e ) < C(K(f)|| c i )\\v £ (t)\\% s . 
We have the following result. 

Theorem 5. 3. A. 7/(5.3.1) is strictly hyperbolic, with initial data fj G H s+m ~ 1 ~ J (M), 
s > n/2 + 1, then there is a unique local solution 

u G C(I, H s+m ~ 1 (M)) n C m - l {I,H s {M)), 
which persists as long as \\u(i)^c™ + ll w t(^)llc m_1 ^ — ' + II^I n_1 ' u (^) llc^ ^ s bounded. 

There is one point it remains to establish to have a proof of this result. Namely we 
need to justify the use of the C^^-norm of d 3 t u{i) rather than the stronger C^~ J - 
norms in the statement of a sufficient condition for persistence of the solution. An 
argument similar to that used in the proof of Proposition 5.1.F will yield this. 

Parallel to (5.1.48) we have the estimate 

(5.3.14) ^\\vmh<c(\\vm&j\vmH>- 
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Furthermore, parallel to (5.1.49), we have 

(5.3.15) C(||t;(t)|| c i) = Co(||t;(0||^)[||t;(t)|| ci + l]. 

Now the C^-norm is weaker than the C r -norm for any r > 0, so the first factor on 

the right side of (5.3.15) is harmless. Meanwhile, the boundedness of \\&lu{t)\\ c m-j 
is equivalent to the boundedness of 

(5.3.16) \\ v (t)\\ci = Q{t). 
Now as shown in Appendix B, ifs>n/2 + l, 

(5.3.17) \Ht)\\cl <CQ(t)[l + log + \\v(t)\\ 2 Ha }. 
Consequently, as long as Q(t) < K, (5.3.14) yields the differential inequality 

(5.3.18) ^\\v(t)\\%' < ^ill^WII 2 ^ [1 + log + Mt)\\h]. 

Now, by (5.1.52), Gronwall's inequality applied to this estimate yields a bound on 
||i>(£)||h s for all t > for which Q(t) < K. This completes the proof of Theorem 
5.3.A. 

Sometimes equations of the form (5.3.1) arise in which the coefficients A, depend 
on u but not on all derivatives of order < m— 1. We consider second order equations 
of this nature, i.e., of the form 

(5.3.19) d 2 t u = ^2A jk (t, x,u)djd k u + ^ B J (t, x,u)djd t u + C(t, x, D 1 ^. 
Then the reduction (5.3.3)-(5.3.4) leads to a special case of (5.3.6): 

(5.3.20) d t v = L(t, x, Pxv, D)v + G(t, x, Pv) 
with 

(5.3.21) P e OPS% Pi G OPS' 1 . 

Consequently, the symmetrizer (5.3.8) belongs to C 1 ^ as long as P\v E C 1 , hence 
as long as v G C%. Thus we can hope to improve the factor C(||v e || c i ) in the 

estimate (5.3.13). At first glance, the last term in the estimate (5.3.12) presents a 
problem. However, if we write 

(5.3.22) [A s , BjjdjV = [A s dj, B 3 ]v - A s [dj, B d ]v, 

we overcome this. Therefore, for the system (5.3.15) we obtain the improvement 
on (5.3.13): 

(5.3.23) f t (A s v e ,Q £ A a v e ) < C(||t; e (t)||^)||t; e (t)||^, 
leading to the following improvement of Theorem 5. 3. A. 
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Proposition 5.3.B. 7/(5.3.19) is strictly hyperbolic, with initial data f G H S+1 (M), 
g G H s (M),s > n/2, then there is a unique local solution u G C(I, H S+1 (M)) n 
C l (I, H S (M)), which persists as long as \\u(t)\\ci + \\v>t(t)\\c° ^ s bounded. 

This result is also established in [HKM], with the exception of the final statement 
on persistence of the solution. Note that Proposition 5.2.B applies to equations of 
the form (5.3.19), but it yields a result that is cruder than that of Proposition 5.3.B. 

One way in which systems of the form (5.3.19) arise is in the Einstein equations, 
relating the Ricci tensor on a Lorentz manifold and the stress-energy tensor. As in 
the Riemannian case (2.2.48), if (hjk) is the Lorentz metric tensor, and if one uses 
local harmonic coordinates, the Ricci tensor is given by 

(5.3.24) -^J2 hjkd j d k h em + Qem(h,Dh) = R em . 

Thus one obtains a Cauchy problem for the components of the metric tensor of the 
form (5.3.19), and Proposition 5.3.B can be applied. This approach to the Einstein 
equations is classical, going back to C. Lanczos in 1922 and used by a number 
of mathematicians; see [HKM]. On the other hand, there are reasons to have the 
flexibility to use other coordinate systems, discussed in [DeT] and in recent work 
of [CK]. 

In [FM], the Einstein equations were reduced to a first order system by such a 
device as we noted in §5.2. The improvement coming from a different treatment of 
the second order system was noted in [HKM] . 

§5.4. Completely nonlinear hyperbolic systems 

Consider the Cauchy problem for a completely nonlinear first order system 

(5.4.1) — = F(t,x,Dlu), u(0) = f. 

We assume u takes values in R K . We then form a first order system for v = 
(y , ui, . . . , v n ) = (it, 0i it, . . . , d n u). 

F(t,x,v) 

Y,{dv t F){t,x,v)d t Vj + {d Xj F){t,x,v) (j > 1), 
e 

with initial data 



(5.4.2) 



ovp 
dt 

dt 



(5.4.3) 



V(0) = (f,d 1 f,...,d n f). 
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The behavior of this system is controlled by the operator with K x K matrix 
coefficients 

L(t,x,v,D) = ^2(d v ,F)(t,x,v)d e 

(5.4.4) 1 

= ^2Be(t,x,v)de. 

t 

We see that (5.4.2) is symmetric hyperbolic if 

(5.4.5) L{t,x,v,£) = Y / B i(t,x,v)& 

i 

is a symmetric K x K matrix, and symmetrizable if there is a symmetrizer, of the 
form (5.2.26)-(5.2.27), for L. In these respective cases we say (5.4.1) is a symmetric 
(or symmetrizable) hyperbolic system. We also say (5.4.1) is strictly hyperbolic 
if, for each £ ^ 0, (5.4.5) has K distinct real eigenvalues; such equations are sym- 
metrizable. 

The following is a simple consequence of Theorem 5.2.D. 

Proposition 5. 4. A. 7/(5.4.1) is a symmetrizable hyperbolic system and f G H S (M) 
with s > n/2 + 2, then there is a unique local solution u G C(I, H S (M)). This so- 
lution persists as long as \\u(t)\\c^ + \\dtu(t) Wc 1 is bounded. 

Similarly consider the Cauchy problem for a completely nonlinear second order 
equation 

(5.4.6) utt = F{t,x,D 1 u,d 1 x u u d 2 x u), u(0) = f, u t (0) = g. 

Here F = F(t, x, £, 77, £) is smooth in its arguments; ( = (Qk) = (djdku), etc. As 
before, set v = (vo, vi, . . . , v n ) = (u, d±u, . . . , d n u). We obtain for v a quasilinear 
system of the form 

d^v = F(t,x,D 1 v) 

d 2 tVl = Y j {d i . k F){t,x,D 1 v)d j d k v i 
(5-4.7) jj! 

+ ^2(d Vj F)(t, x, D 1 v)d j d t v i + Gi(t, x, D x v), 
j 

with initial data 

(5.4.8) v(0) = (f, dtf, . . . , d n f), v t (0) = (g, d l9 , . . . , d n g). 

The system (5.4.7) is not quite of the form (5.2.16) studied in §5.2, but the difference 
is minor. One can construct a symmetrizer in the same fashion, as long as 

(5.4.9) r 2 = 5> c . fc F) (t, x, D^fctk + XX F ) (*« ^)0 T 

has two distinct real roots r for each £ ^ 0. This is the strict hyperbolicity condition. 
Proposition 5.2.B holds also for (5.4.7), so we have: 
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Proposition 5.4.B. If (5.4.6) is strictly hyperbolic, then given 

f e U S+1 (M), g e H S (M), s> l -n + 2, 

there is locally a unique solution 

u e C(I, H S+1 (M)) n C\l, H S (M)). 

This solution persists as long as ||it(i)||cf3 + ||itt(£)||c2 is bounded. 

This proposition applies to the equations of prescribed Gaussian curvature, for a 
surface S which is the graph of y = u(x), igOc M n , under certain circumstances. 
The Gauss curvature K(x) is related to u(x) via the PDE 

(5.4.10) det H(u) - K(x) (l + \Vu\ 2 ) (n+2)/2 = 0, 
where H(u) is the Hessian matrix, 

(5.4.11) H{u) = (djd k u). 
Note that, if F(u) = det H(u), then 

(5.4.12) DF(u)v = Tr[C(u)H(v)} 
where C(u) is the cofactor matrix of H{u), so 

(5.4.13) H{u)C{u) = [det H{u)]I. 

Of course, (5.4.10) is elliptic if K > 0. Suppose K is negative and on the hyper- 
surface E = {x n = 0} Cauchy data are prescribed, u = f(x'), d n u = g(x'), x' = 
(xi, . . . , x n -i). Then d^djU = dkdjf on E for 1 < j, k < n — 1, d n djU = djg on E 
for 1 < j < n, and then (5.4.10) uniquely specifies d^u, hence H(u), on E, provided 
det H(f) 7^ 0. If the matrix H(u) has signature (n — 1, 1), and if E is spacelike for 
its quadratic form, then (5.4.10) is hyperbolic, and Proposition 5.4.B applies. 
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Chapter 6: Propagation of singularities 



We present a proof of Bony's propagation of singularities result for solutions to 
nonlinear PDE. As mentioned in the Introduction, we emphasize how C r regular- 
ity of solutions rather than _£/" n / 2 + r regularity yields propagation of higher order 
microlocal regularity, giving in that sense a slightly more precise result than usual. 
Our proof also differs from most in using S™ s calculus, with 5 < 1. This simplifies 
the linear analysis to some degree, but because of this, in another sense our result 
is slightly weaker than that obtained using B r S™ 1 calculus by Bony and Meyer; see 
also Hormander's treatment [H4] using S^i calculus. Material developed in §3.4 
could be used to supplement the arguments of §6.1, yielding this more precise re- 
sult. In common with other approaches, our argument is modeled on Hormander's 
classic analysis of the linear case. 

In §6.2 we give examples of extra singularities, produced by nonlinear interac- 
tions rather than by the Hamiltonian flow, and discuss a little the mechanisms 
behind their creation. It was the discovery of this phenomenon by [La] and [RR] 
which generated interest in the nonlinear propagation of singularities treated in this 
chapter. 

In §6.3 we discuss a variant of Egorov's theorem for paradifferential operators. 

We do not treat reflection of singularities by a boundary, though much interesting 
work has been done there, by [DW] , [Lei] , [ST] , and others. A description of progress 
made on such problems can be found in [Be2]. 

§6.1. Propagation of singularities 

Suppose u E C m+r (0) solves the nonlinear PDE 

(6.1.1) F(x,D m u) = f. 

We assume r > 0; this assumption will be strengthened below. We discuss here 
Bony's result on propagation of singularities [Bo]. Using (3.3.6)-(3.3.10), we have 
the operator M(u; x, D) = M # (x, D) + M b {x, D) = M* + M b , and u satisfies the 
equation 

(6.1.2) M*u = f + R, 

where R = -M b u mod C°°, with M b e OPS™^ Sr 7 hence 

(6.1.3) R e C r+5r - also u € H m+a > p ^Re H a+r5 ' p , if a > r. 
Recall from (3.3.9) that 

(6.1.4) M* e OPA r S^ s C OPS^ 5 n OPC r S^ 
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and, if r = £ + a, £ G Z + , < a < 1, then, on the symbol level, 

(6.1.5) Df M # G Sft for \/3\ < £, D P X M* G 5 1 m <5 +1_CT for |/?| = £ + 1. 

We will use the symbol smoothing decomposition with 6 < 1. 

To study propagation of singularities for solutions to (6.1.1), we hence study it 
for solutions to the linear equation (6.1.2). Our analysis will follow Hormander's 
well known argument, with some modifications due to the fact that M# is not a 
pseudodifferential operator of classical type. In another context, such a variant 
arose in [T3]. We will set A = (1 - A) 1 / 2 and 

(6.1.6) P = i m M*A 1 ~ m g OPA r Sl s C OP Sis n OPC r Sl . 
More generally, for uGl, set 

(6.1.7) P a = A a PA~ a G OPS\ 5 . 

Using the properties (6.1.5), we have the following. 
Lemma 6.1. A. Suppose r > 1. Set 

(6.1.8) P = A + iB, A = A\ B = B*. 
Then B G OPS® s . Furthermore, for each uGK, 

(6.1.9) P-P^e OP Sl s . 

If a(x,£) is the real part of the complete symbol of A, given in Lemma 6.1. A, 
then (provided r > 1), 

(6.1.10) a(x, £) G Sis, A - a(x, D) e OPS ^, 
and, if r = £ + a, < a < 1, 

(6.1.11) l£a(s,0 G 5^ for < £, 2?fa(a;,0 G for \(3\ =£ + 1. 

We will examine propagation of singularities for P, but we will want to interpret 
the results in terms of the symbol of the linearization of the operator F(x, D m u). 
Thus, set 

(6.1.12) 5(*,o= E ^(^^ m «)e o <o 1_ro - 
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We need to compare a(x,£) and a(x, £). Note that 

(6.1.13) a(x,o ecrsl , 

and if we use the smoothing method of §1.3 to write 

(6.1.14) ti(x,0=a*(x,0 + a b (x,0 
with 

(6.1.15) a*(x,t)eslj, a b (x,Z)eC r Sl; s Sr , 

then, as a consequence of (3.3.14) and Lemma 6.1. A, 

(6.1.16) a(x^)-a*(x,OeSly, p = mm(Sr,l). 

The analysis of propagation of singularities, following Hormander [HI], begins 
with the basic commutator identity, assuming (6.1.8) holds: 

(6.1.17) Im (CPu, Cu) = Re ({i~ 1 C*[C, A] + C*BC + C*[B, C]}u,u). 
If B is bounded on I? , then, using 

\(CPu,Cu)\<\\CPu\\ 2 + \\\Cuf, 
we get the basic commutator inequality: 

(6.1.18) Re {{i^C^C, A] - MC*C}u,u) < \\CPuf + \(Wu, u)\, 
where 

(6.1.19) M=||S|| + ^, W = ReC*[B,C}. 

C will be a pseudodifferential operator, described more fully below. By convention, 
Re T = (1/2)(T + T*). 

Now to establish microlocal regularity of u in a conic neighborhood of a certain 
curve 7 in T*0 \ 0, the strategy is to construct C and <p(x, D) of order \x, such that 
(p(x,£) is elliptic on 7 and, roughly, 

(6.1.20) Re {i- 1 C*[C,A}-MC*C}{x,t)-^(x,t) 2 +E(x,t) 2 > 0, 

for a certain E(x, £ S 1 ^ supported on a conic neighborhood of one endpoint of 
7. Then we want to apply the sharp Garding inequality to (6.1.20), and use the 
result together with (6.1.18) to estimate <p(x, D)u in terms of CPu, E(x, D)u, and 
a small additional term. 
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Arranging (6.1.20) brings in the Poisson bracket and Hamiltonian vector field, 
denned by 

H a c = {c,a}(x,0 

(6.1.21) y-^/ dc da dc da \ 

^ V dxj d^j d£j dxj J ' 

since (l/i)[C,A] has {c, a}(x,£) for a principal symbol, in a sense which, for the 
symbols considered here, will be made precise in Lemma 6.1.B below. The curve 7 
alluded to above will be an integral curve of H a . 

Following Hormander, we produce the symbol c(x, £) of C in the form 

1/2 

(6.1.22) c(x,0 = c x ,e^,0 = d(x,0e Xf{x ^{l + e 2 g(x,0 2 ) , 
where A > will be taken large (fixed) and e small (tending to 0). Note that 

(6.1.23) HaC 2 - Mc 2 = 2d e (H a d e )e 2Xf + d 2 e e 2Xf [2\H~ a f - M] 
where 

d e = d(eg)' 1 

and 

(6.1.24) H~ a d e = (eg)- 1 [H a d-e 2 (eg)- 2 (H d g)d}. 

With these calculations in mind, we impose the following properties on d, f,g : 

(6.1.25) d(x,0 G f(x,0 G S°, g(x,0 G S\ 
all homogeneous for |^| large, 

(6.1.26) H & f > 1, H d d > (except near q), H- a g < 0, d > 0, 
and 

(6.1.27) H & > \^ on T, d supported in f , g elliptic on f , 

for |£| > 1, where V is a small conic neighborhood of the integral curve 7, running 
from p to q, and V a slightly bigger conic neighborhood. Here (by slight abuse 
of notation) we let H a denote the Hamiltonian vector field associated with the 
principal part di(x,£) of the symbol (6.1.12). We assume r > 2, so H a is a C 1 - 
vector field, with well-defined integral curves. It is easy to arrange (6.1.25)-(6.1.27), 
in such a fashion that, if H a flows from p to q in 7, then d vanishes on a conic surface 
S transversal to 7, intersecting 7 at a point just before p. Having first made H a d > 
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everywhere on the integral curves through E, make a modification in d(x, £), cutting 
it off on a conic neighborhood of q. Thus one has (for A large) 

(6.1.28) (c{c,a}-Mc 2 )(x,0 > ^ e (x^) 2 - E(x^f 

where (p E (x,£) = tp(x,$,)(eg)~ 1 , with <p,E G S^, <p elliptic on 7, and E supported 
on a small conic neighborhood of q. 

Now, to relate this to (6.1.20), we need to replace a by a(x,£), the real part of 
the complete symbol of A, given by Lemma 6.1. A. Then (provided r > 1), we recall 
that a(x,£) satisfies (6.1.10); furthermore, if r = i + a, < a < 1, 

(6.1.29) Dfa(x,0 G for < €, l?fa(x,0 G S 2 ^ for = € + 1. 

Using this, we deduce the following. 

Lemma 6.I.B. If r > 1 and C e OPS£ , then 

(6.1.30) {c,a}(x,Oe^n^-Xo 

and 

(6.1.31) £e (r 1 ^^,^])^^) -c{c,a}(x,0 G S^-* 2 " 2 '*. 
If r > 2, t/ie difference (6.1.31) belongs to S 2p s ^ 2 . 

Proof. Straightforward check of symbol expansions. 

By (6.1.14)-(6.1.16), we have a — a G C r S\ ~ s p , where p = min(oV, 1), hence, given 
C g OPS* , 

(6.1.32) \{c,a}(x,0 ~ {c,~a}(x,0\ < K(0»- p , ifr>l. 

We therefore have the following rigorous version of the result stated loosely in 
(6.1.20): 

Lemma 6.I.C. Assume r > 2, and let 7 be an integral curve of H a , from p to 
q, T a small conic neighborhood 0/7, T a bigger conic neighborhood. There exists 
c E (x,£), bounded in S^q, of the form (6.1.21), such that, with C = C £ = c £ (x,D), 

(6.1.33) c{c, a}(x, £) - Mc(x, £) 2 - <p e (x, £) 2 + E(x, £) 2 > -K&) 2 »-<>, 

where E(x,£) G is supported on a small conic neighborhood of q, c(x,£) is 
supported on F, and 

(6.1.34) ( p e (x t Z) = {eg(x t 0)- 1 <p(x t 0, 
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with cp elliptic of order [i on T, g satisfying (6.1.27). 

Consider the symbol Q(x^), defined to be the left side of (6.1.33). We have 

(6.1.35) Qt^jG^nr- 1 ^, 

by (6.1.30), so we can apply the sharp Garding inequality of §2.4, to obtain 

(6.1.36) Re (Q(x,D)v,v) > -Ci|M|| 2 
provided 

(6.1.37) n< (r-l)/(r+l) and < p/2. 

In light of Lemma 6.1.B, we can replace c{c, a}(x, D) in Q(x, D) by Re (l/i)C*[C, A], 
and still have the estimate (6.1.36), provided also 

(6.1.38) ^ < 1 — - (ifr>2). 

2 

However, this condition follows automatically from the second part of (6.1.37). If 
these conditions hold, we get a lower estimate on the left side of (6.1.18), yielding 

(6.1.39) \\<p e (x,D)vf L 2 - \\E{x,D)vf L2 -Ci|M|| 2 < \\C £ Pvf L , + \{Wv,v)\. 

Now, if W is given by (6.1.19), with C = C e bounded in OPS± , we have a 

priori that W = W s is bounded in OPS 2 ^ - ^ 1-5 ^, given B e OPS\ s , but in fact, 
we can say more. From (6.1.5) it follows that, for the symbol 6(x,£) of B, 

(6.1.40) D«b(x, G Sis for |a| < i - 1, 
if £ < r < £+ 1. Thus 

(6.1.41) r >2^W £ bounded in OPS^f 1 , 
and hence 

(6.1.42) \(Wv,v)\<C 2 \\v\\ 2 Hlt _ h . 
Thus (6.1.39) yields the estimate 

(6.1.43) \\<p e (x,D)v\\ 2 L 2 < \\C £ Pv\\ 2 L2 + K\\v\\ 2 L2 , 
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assuming fx — 1/2 < 0. Provided r > 2, we can take fi = 1/3, 5 G [1/3, 1), and have 
(6.1.37)-(6.1.38) hold. The estimate (6.1.43) holds provided a priori that v belongs 
to L 2 . Taking e — > then gives v G microlocally along 7, provided that Pv G ii"^ 
microlocally along 7 and that u G microlocally on a conic neighborhood of the 
endpoint q. This exhibits the prototypical propagation of singularities phenomenon. 
Note that we can construct [3(x, £) G S 1 ^, supported on a small conic neighborhood 
of 7, equal to 1 on a smaller conic neighborhood, and then v\ = f3(x, D)v belongs 
to while Pv\ coincides with Pv microlocally on a small conic neighborhood of 
7- 

Now this argument works if P is replaced by P a of (6.1.7), for any a G R. The 
difference P — P a satisfies (6.1.9), and its symbol also has the same property (6.1.40) 
that £) does. Therefore, microlocal cut-offs and iterations of the argument 
above yield the following. 

Proposition 6.1. D. Let v G V solve M#v = g. Let 7 be as above. If g belongs 
to H a microlocally on 7 and v G H m ~ 1+a microlocally near q, then v G H m ~ 1+a 
microlocally on 7. 

By (6.1.1)-(6.1.3), we can use this to establish our propagation of singularities 
result for solutions to nonlinear PDE. We have: 

Theorem 6. I.E. Let u G C m+r (0), r > 2, solve the nonlinear PDE (6.1.1), and 
let 7 be a null bicharacteristic curve of the linearized operator, 5 G 7. Assume 
f G C°°, 

(6.1.44) u G H m+a 
on O, and 

(6.1.45) u G H m - 1+a+s 
microlocally at q, with 

(6.1.46) < s < r. 
Then u satisfies (6.1.45) microlocally on 7. 

It is clear that the assumption r > 2 can be weakened for restricted classes 
of operators F(x, D m u), particularly in the semilinear case; (6.1.44) can also be 
weakened in the semilinear case, since what is behind it is (6.1.3). 

§6.2. Nonlinear formation of singularities 

In [RR] there appear examples of the formation, in solutions to nonlinear wave 
equations, of extra singularities, arising from nonlinear interactions rather than 
propagated by a Hamiltonian flow. We will discuss a few simple examples here. 



134 



Many other examples can be found in [Be2] and references given there. Our ex- 
amples involve systems of equations. There are in the literature many examples of 
a similar nature for solutions to scalar equations, but generally you have to work 
harder to demonstrate their existence. 

We begin with a simple 3x3 system in one space variable: 

d t u — d x u = 

(6.2.1) d t v + d x v = 

dtw = uv 

Take initial data 

(6.2.2) u(0,x) = H(l -x), v(0,x) = H(l + x), w(0,x) = 0, 

where H(s) = 1 for s > 0, H(s) = for s < 0. Clearly u(t,x) and v(t,x) are given 
by 

(6.2.3) u(t,x) = H(l - x -t), v(t,x) = H(l + x-t), 
and then w is obtained as 

(6.2.4) w(t,x)= / u(s, x)v (s, x) ds. 

Jo 

Thus u is singular along the line x+t = 1 and v is singular along the line x — t = —1. 
For t < 1, w is singular along the union of these two lines; one would typically 
have this sort of singularity if uv were replaced by a linear function of u and v in 
(6.2.1). However, for t > 1, in is also singular along the line x = 0. Indeed, for 
— 1 < x < 1, t > 1, we have explicitly 

(6.2.5) w(t,x) = l- \x\. 

This is the extra singularity created by the nonlinear interaction at t = 1, x = 0. 

The next example involves second order wave equations in two space variables. 
Thus, with A = d 2 /dx\ + d 2 /dx%, let 

0, J = 1,2,3 

and set initial conditions such that Uj(t, x) are piecewise constant, jumping across 
a characteristic hyperplane Ej, taking the value 1 on one side Qj and the value 
on the other side, in such a fashion that V = fii n O2 H O3 looks like an inverted 
"pyramid," with vertex at p = (1, 0, 0) = (t, x\, X2), and such that t > 1 on V. For 



(6.2.6) 



dt 2 
d 2 v 



dt 2 



Aui = 



Av = 
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v, set the initial condition v(0, x) = v t (0, x) = 0, so v = for t < 1. Note that there 
are constant coefficient vector fields X, , parallel to the faces of V, such that 

L = X X X 2 X 3 =>- L(-ui-u 2 w 3 ) = 5 P 

where 5 P is the point mass at the vertex p of V. Hence w = Lv satisfies 

d 2 w 

(6.2.7) - Aw = 6 P , w(t, x) = for t < 1. 

Hence w is given by the fundamental solution to the wave equation, with a well 
known singularity on the forward light cone C p emanating from p. Since applying L 
cannot increase the singular support, it follows that u in (6.2.6) also has this extra 
singularity along the cone C p . 

The examples above can be modified to produce smoother (not C°°) solutions, 
more directly illuminating the results of §6.1, which involve solutions with enough 
regularity to be continuous. It is also possible to extend results of §6.1 to apply 
to classes of discontinuous solutions, for classes of semilinear equations. In the 
quasilinear case, the phenomena become essentially different. For example, for 3x3 
quasilinear equations in one space variable, if two shocks interact, the interaction 
often produces, not a third weaker singularity, but rather a third shock; cf [L2]. An 
analogue of this stronger sort of interaction arises in the rather subtle problem of 
interaction of oscillatory solutions to quasilinear equations; cf [Mj4] and references 
given there, and also [JMR]. 

In the examples given above it is clear that the mechanism behind the formation 
of extra singularities in the solutions to the PDE (6.2.1) and (6.2.6) is the creation 
of extra singularities in taking nonlinear functions F(u), i.e., WF(F(u)) can be 
bigger than WF(u). Typically, elements in WF(F(u)) \ WF(u) intersected with 
the characteristic variety for the PDE are propagated. In light of the formula 

F(u) = M F (u; x, D)u mod C°°, 

this illustrates the failure of M F {u;x,D) e OPS^ to be microlocal, though it is 
pseudolocal, since Proposition 0.2. A continues to hold, which is consistent with the 
fact that F(u) is C°° on any open set where u is C°°. 

§6.3. Egorov's theorem 

We want to examine the behavior of operators obtained by conjugating a pseu- 
dodifferential operator Po by the solution operator to a "hyperbolic" equation of 
the form 

(6.3.1) — = iA(t,x,D x )u, 

where we assume 



(6.3.2) 
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is of the form A = A\ + A 2 with A\ real (scalar) and 

(6.3.3) A e r Sl s . 

For simplicity we first look at the case where A = A(x, D) does not depend on t. 
The conjugated operators we want to look at then are 

(6.3.4) P(t) = e ltA P e~ itA . 

We will be able to get a rather precise analysis when 5 in (6.3.2) is not too large, 
using a more elaborate version of the analysis given in §0.9. Then the 5 = 1 case 
will be analyzed via symbol smoothing. 

Let X be the Hamiltonian field Ha 1 ; by (6.3.2) the coefficients of d/dxj belong 
to r S® s and those of d/d^j belong to r ~ 1 Sl 5 , if r > 1. Given (xo,^o), let O be the 
region \x — xq\ < 1, |^ — £o| ^ (l/2)|Co|- Map this by the natural affine map to the 
"standard" region R, defined by \x\ < 1, |^| < 1. Let Y be the vector field on R 
corresponding to X; Y depends on (xo^o). With z = (x,£), we have 

2n o 

(6.3.5) Y(z) = J2Yj(z) " 
with 



(6.3.6) 



\D^Yj{z)\<C for|a|<r-l, 
C a iVfl"!-^" 1 ), for \a\ > r - 1, 



where 

(6.3.7) M = |£ | 5 . 

We will assume that r > 2, so there is a uniform bound on the first order derivatives 
of the coefficients of Y. 

We want to examine the flow generated by Y : 

dF 

(6.3.8) — = Y(F), F(0,z) = z. 

We need to estimate the ^-derivatives of F. Note that Fi = D z F(z)vi satisfies 

dFi 

(6.3.9) -^ = DY(F)F U F 1 (0,z) = v 1 . 

This gives uniform bounds (independent of M) on F\ = D Z F, for \t\ < T . Then 
F 2 = D 2 F(z)(v 1 ,v 2 ) satisfies 

dF 

(6.3.10) = DY(F)F 2 + D 2 y(F)(F l7 v 2 ), F 2 (0, z) = 0. 
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Consequently 

(6.3.11) \D 2 Z F\ < C M^ r -^+. 
More generally, 

(6.3.12) \D{F\ < Cj M^- r+1 )+. 

Note that if we had r < 2, we would be saddled with the useless bound \D Z F\ < 
C e™. 

With these estimates, we are in a position to prove the following. Let Ct be the 
flow generated by Ha 1 ■ 

Proposition 6. 3. A. If (6.3.2) -(6.3.3) hold, with r > 2, then 

(6.3.13) p(x,0 G S™ s =>p(C»(x,0) G S% s , 
where p = 1 — S. 

Proof. We need estimates in each region Q as described above. Let q be the asso- 
ciated function on R (q depends on (xq,£o))- The hypothesis on p implies 

(6.3.14) \D a z q{z)\<C a \ti Q \ m M\«\- 

recall M = \^o\ S - We claim q o F(£, z) has the same estimate. This follows from the 
chain rule and the estimates (6.3.12). 

We now construct inductively the symbol of a pseudodifferential operator Q{t), 
which we will show agrees with P(t) in (6.3.4), for restricted 6, using an argument 
parallel to that in (0.9.7)- (0.9.10). We start with the assumption 5 < 1. We look 
for 

(6.3.15) Q(t, x, ~ Q (t, x, £) + Qi(t, x, £) + ■ ■ ■ , 
beginning with 

(6.3.16) Qo(t,x,0 = Po(C t (x,0) G S™ s , 
by (6.3.13). We want to construct Q(t) solving 

(6.3.17) Q'(t) = i[A(x,D),Q(t)] + R(t), Q(0) = P , 

where R(t) is a family of smoothing operators. The symbol of [A(x, D), Q(t)] is 
asymptotic to 

(6.3.18) H Al Q + {A , Q} + iJ2^ i^Q^) ~ Q^' ^(«)] > 

|a|>2 a ' 
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where A^(x^) = Df(x,£), A {a) (x,^) = i-\ a \D%A(x,£). We want the difference 
of dtQ{t,x,£) and (6.3.18) to be asymptotic to zero. Thus we set up transport 
equations for Qj(t, x, £) in (6.3.15), j > 0, beginning with 

(6.3.19) dQ o /dt-H Al Q o = 0, Q o (0, x, = P (x, £), 
which is solved by (6.3.16). The transport equation for Qi will hence be 

dQ 1 /dt-H Al Q 1 ~{A ,Q }+ -,[A ia) Qo(a)-Qi a) A {a) } 

(6.3.20) | Q |> 2 a - 

= B 1 (t,x,£), 

with initial condition 

(6.3.21) Qi(0,x,O = 0. 

It is necessary to examine B\ (t, x, £). As long as (6.3.3) holds, or even more generally 
whenever A e 5 , 

(6.3.22) Q G =► {A ,Qo} G S™"^ 

For this to be useful we will need p > 6 7 i.e., 5 < 1/2. Continuing, we see that 

(6.3.23) A^Q 0(a) e c ^- 1+2<5 if |«| > 2, 
while 

4 q(<*) s m+l+S(\a\-2)-p\a\ 

(6.3.24) (a) 

C S^- 2p if |a| > 2, 

provided (6.3.2) holds with r > 2. We see that Bi(t, has order strictly less 
than m provided 5 < 1/2, so p > 1/2. 

Higher order transport equations are treated similarly, and we obtain 

(6.3.25) Qj (t, x, G S;~^ = S2i ip - S)j 

provided p = 1 - S > 1/2. Thus Q, given by (6.3.15), satisfies (6.3.17), with R(t) 
smoothing. To complete the analysis of (6.3.4), we need to compare Q(t) with P(t). 
Consider 

(6.3.26) V(t) = [Q(t) - P(t)]e %tA = Q(t)e ttA - e ltA P . 
We have 

(6.3.27) V'(t) = iAV(t) + R(t)e ltA , V(0) = 0. 
Thus, for any u G V , v(t) = V(t)u satisfies 

dv 

(6.3.28) — = iAv + g(t), v(0) = 0, 

where g(t) = R(i)e ltA u is smooth. Hence standard energy estimates show v(t) is 
smooth, so V(t) G OPS~°°. We have proved the following Egorov-type theorem. 
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Proposition 6.3.B. If A satisfies (6.3.2) -(6.3.3) withr > 2 and P G OPS% s with 
p = 1 - 5 > 1/2, then 

(6.3.29) P(t) = e ltA P e~ itA = P(t, x, D) G OPS™ 5 
and 

(6.3.30) P(t,x,0-Po(C t (x,0) e S™- {P ~ S \ 
where Ct is the flow generated by Ha 1 ■ 

We now look at conjugates 

(6.3.31) P(t) = e ltM P e~ UM , 
where 

(6.3.32) M(x,0 G AqS 1 ^, M = M 1 + M 2 , M 1 real, M G A^S^. 
Using the symbol smoothing of §1.3, write 

(6.3.33) M(x,Z)=A(x,Z) + B(x,£) 
where 

(6.3.34) A(x, G A r Sls, B(x, G S 1 ^ 6 . 

The symbol A(x 7 ^) satisfies (6.3.2)-(6.3.3). Provided r > 2, we can take 5 slightly 
less than 1/2 so that 

(6.3.35) B(x, G SiJ, 7 = r5 - 1 > 0. 

We can apply Proposition 6.3.B (with a slight change of notation), analyzing 

(6.3.36) Q(t) = e ltA P e~ ltA = Q(t, x, D) G OPS° p S , 

given P G OPS° p5 . We now want to compare the operators (6.3.31) and (6.3.36). 
Note that 

(6.3.37) Q'(t) = i[A, Q(t)}, P'{t) = i[A, P(t)} + R(t) 
with 

(6.3.38) R(t) = i[B, P(t)] : H s — ► H s+1 , for s > -7. 
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Consequently, if we set 

V(t) = [Q(t) - P(t)]e itA , 

this time we have 

V\t) = iAV(t) - R(t)e ltA , V{0) = 0. 

Hence 

V(t) : H s — ► H s+ i. 

Therefore 

(6.3.39) e ltM P e~ itM - e UA P e~ itA : H s — ► H s+ i , for s > -7. 

It is possible to apply this result to study propagation of singularities, in analogy 
with the proof of Proposition 0.10.E. Indeed, suppose u e H^ cl (T), so if P G OPS 
has symbol suported inside T, Po^ £ H° ' . If A satisfies the hypotheses of Proposition 
6.3.B, e ltA u is mapped to H a by P(t) in (6.3.29). Thus, if CtT contains a cone r*, 
we deduce that e ltA u E H^ cl (T t ). We also claim that, if M satisfies (6.3.32) with 
r > 2, 

(6.3.40) (e ltM Poe~ ltM ) (e ltM u) G H a if a > -7. 
This follows from: 

Lemma 6.3.C. If M(x,£) satisfies (6.3.32) with r > 2, then 

(6.3.41) e ltM :H S — ► H s , s> -7. 

Proof. Given u G H s , e ltM u = v(t) satisfies 

dv 

(6.3.42) — =iAv + iBv, v(0) = u. 

at 

As long as (6.3.35) holds with 7 > 0, standard linear hyperbolic techniques apply 
to (6.3.42), yielding (6.3.41). 

Given (6.3.40), we can use (6.3.39) to conclude 

(6.3.43) P(t) (e ltM u) G H a ifs<a<s + 7 
provided 

(6.3.44) u G H% s> -7. 
Thus, under these hypotheses, 

(6.3.45) e itM ueH^ cl (T t ). 

This yields a propagation of singularities result along the lines of Theorem 6.1.E, 
but substantially weaker, so we will not write out the details. 
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Chapter 7: Nonlinear parabolic systems 



We examine existence, uniqueness, and regularity of solutions to nonlinear par- 
abolic systems. We begin with an approach to strongly parabolic quasilinear equa- 
tions using techniques very similar to those applied to hyperbolic systems in Chap- 
ter 5, moving on to symmetrizable quasilinear parabolic systems in §7.2. It turns 
out that another approach, making stronger use of techniques of Chapter 3, yields 
sharper results. We explore this in §7.3, treating there completely nonlinear as well 
as quasilinear systems. For a class of scalar equations in divergence form, we make 
contact with the DeGiorgi-Nash-Moser theory and show how some global existence 
results follow. 

In §7.4 we consider semilinear parabolic systems. We first state a result which 
is just a specialization of Proposition 7.3.C, which applies to a class of quasilinear 
equations. Then, by a more elementary method, we derive a result for initial data 
in C (M). Neither of these two results contains the other, so having them both 
may yield useful information. As one important example of a semilinear parabolic 
system, we consider the parabolic equation approach to existence of harmonic maps 
M — > N, when N has negative sectional curvature, due to Eells and Sampson. In 
outline our analysis follows that presented in [J], with some simplifications arising 
from taking N to be imbedded in R k (as in [Str]), and also some simplifications in 
the use of parabolic theory. 

§7.1. Strongly parabolic quasilinear systems 

In this section we study the initial value problem 

(7.1.1) ^ = Y t A* k (t,x,D 1 x u)d j d k u + B(t,x,D 1 x u), u(0) = f. 

Here, u takes values in 1 K , and each A^ k can be a symmetric K x K matrix; we 
assume A jk and B are smooth in their arguments. As in Chapter 5 we assume for 
simplicity that x G M, an n-dimensional torus. The strong parabolicity condition 
we impose is 

(7.1.2) £i4' fc (f,z,I?iu)6& > ColtfL 

The analysis will be in many respects similar to that in §5.1. We consider the 
approximating equation 



(7.1.3) 



I = J £ AJh (^ x , DlJ £ u e )djd k J £ u £ + J e B(t, x, D\ J e u £ ) 
= J e L £ J e u e + B £ , 
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which, for any fixed e > 0, has a solution satisfying u £ (0) = f. To estimate 
||w e (t)||i7 s > we consider 

(7.1.4) j t (A s u £ ,A s u £ ) = 2(A s J £ L £ J £ u £ ,A s u £ ) + 2(A s B £ ,A s u £ ). 
The last term in (7.1.4) is easy. We have 

(7.1.5) (A s B £ ,A s u £ ) < C(\\J e u e \\ C i)\\JeUe\\H>+i • \\J £ u £ \\h°- 

To analyze the first term on the right side of (7.1.4), write it as 2 times 

(7.1.6) (A s L £ J £ u £ , A s J £ u £ ) = (L £ A s J £ u £ , A s J £ u £ ) + ([A s , L £ ]J £ u £ , A s J £ u £ ). 
Applying the Kato-Ponce estimate to 

(7.1.7) [A S ,L £ ] = ^[A s , A jk (t, x, DlJ £ u £ )]djd k , 
we dominate the last term in (7.1.6) by 

(7.1.8) C(\\J £ u £ \\ C 2)\\J £ u £ \\ H s + i ■ \\J e u e \\H>- 
Now, to analyze the first term on the right side of (7.1.6), write 

(7.1.9) L £ = djA^(t, x, DlJ £ u £ )d k + ^[^ fc (t, x, D\j £ u £ ), dj]d k . 

The contribution of the last term of (7.1.9) to the first term on the right side of 
(7.1.6) is also seen to be dominated by (7.1.8). Finally, by hypothesis (7.1.2), we 
have 

(7.1.10) -J2 Re (djA jk d k v,v) > C7 ||Vu||| 2 . 
Putting these estimates together yields for (7.1.4) the estimate 

(7.1.H) 

— (A s u £ ,A s u £ ) < -C 1 \\J £ u £ \\ 2 Ha+1 + C(\\ J £ u £ \\ c z)\\ J £ u £ \\ H s+i ■ \\J £ u £ \\ H s 

< -^Cl||^e w ellH«+i + C{\\J £ U £ \\ C 2)\\J £ U £ \\ 2 H s. 

From here, standard arguments entering the proofs of Proposition 5.1.B, Propo- 
sition 5.1.C, and Proposition 5.1.E apply, to yield: 
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Proposition 7.1. A. Given the strong parabolicity hypothesis (7.1.2), if f G H S (M) 
and s > n/2 + 2, then (7.1.1) has a unique solution 

(7.1.12) ue L°°(I,H s (M))r) Up(I,H s - 2 (M)) 

for some interval I = [0,T),T > 0. The solution persists as long as \\u(t)\\c2 is 
bounded. 

The argument establishing u G C(J, H S (M)) in Proposition 5.1.D does not quite 
yield that result right away in this setting, since it used reversiblity, valid for hy- 
perbolic PDE but not for parabolic PDE. In this context, that argument does yield 
right continuity: 

(7.1.13) tj \ t in J =>- u(tj) -> u(t) in # s -norm. 
In particular, we have continuity at t = 0. In fact, we have 

(7.1.14) ueC(I,H s (M)), 

continuity at points t G (0, T) following from higher regularity, which we now 
establish. 

In fact, for any S < T, if we integrate (7.1.11) over J = [0, S), we obtain a bound 
on Jj \\J e u e (r)\\^j a+1 dT, if s > n/2 + 2, so that ||w||c 2 ^ CII^IIh 3 and ||»/ e 'U e (t)||H s 
gets bounded. Passing to the limit e — > 0, we have 

(7.1.15) ue L 2 (J,H S+1 (M)). 

This implies that u(ti) "exists" in H S+1 (M) for almost allt\ G J. We expect that 
u(t) coincides with the solution v to (7.1.1), with v(t\) = u(t\), for t > ti, implying 
we can replace s by s + 1 in (7.1.12) and (7.1.14), at least on (£i,T). Iterating this 
heuristic argument leads to the following regularity result, for which we provide a 
rigorous proof. 

Proposition 7.I.B. The solution u of Proposition 7.1. A has the property 

(7.1.16) u G C°°((0, T) x M). 

Proof. Fix any S < T and take J = [0,5'). Passing to a subsequence, we can 
suppose that, with Vj(t) = J e ,u e .(t), 

(7-1.17) \\vj+i - Vj\\ L 2 {J)H s+±( M)) < 2~ J . 

Thus, if we consider 

oo 

(7.1.18) $(t) = sup\\v j (t)\\ H . + i < Wv^Whs^ +J2\\v J+ i(t) ~ VjimHs+i, 



144 



we deduce that $ G L 2 (J), and in particular <£>(£) < oo almost everywhere. Let 
T = {t G J : < oo}. Thus, for any t\ G T, { J ei u £j . (£1) : j > 1} is bounded in 
H S+1 (M). It converges to u{ti) in H S ~ 2 (M); hence u(*i) G # S+1 (M). By unique- 
ness, the solution v to (7.1.1), v(ti) = it(£i), which belongs to C([*i, 5), # S+1 (M)), 
coincides with on [ti, S 1 ). We can iterate this argument, to get u G C(I, C°°(M)), 
and then (7.1.16) easily follows. 

It is of interest to look at the following special case of (7.1.1), 
(7.1.19) ^ = E Ajk & x > u ) d A^ + B(t, x, Dlu), u(0) = /, 

in which the coefficients A^ k depend on u but not its derivatives. Consequently the 
bound (7.1.8) can be improved, replacing C(\\ J e u e \\c^) by C(|| J s u e \[c 1 )i an d this 
leads to a corresponding improvement in (7.1.11). Hence we have: 

Proposition 7.1. C. // (7.1.19) is strongly parabolic, and if f G H S {M), 
s > n/2 + 1, then there is a unique solution 

u G C([0,T),H s (M)) nC°°((0,T) x M), 

which persists as long as ||it(t)||cfi is bounded. 

§7.2. Petrowski parabolic quasilinear equations 

We continue to study the initial value problem (7.1.1), but we replace the strong 
parabolicity hypothesis (7.1.2) with the following more general hypothesis on 

(7.2.1) L 2 (t, v,x,£) = -J2 Aik (t, v)tjtk, 
namely 

(7.2.2) spec L 2 (t,v,x,£) C {z G C : Re z < -C |£| 2 } 

for some Cq > 0. Again we will try to produce the solution to (7.1.1) as a limit of 
solutions u e to (7.1.3). In order to get estimates, we construct a symmetrizer. 

Lemma 7. 2. A. Granted (7.2.1), there exists Po(t,v,x,£), smooth in its arguments, 
for £ 7^ 0, homogeneous of degree in £, positive definite (i.e., Pq > cl > 0), such 
that —(P0L2 + L2P0) is also positive definite, i.e., 

(7.2.3) -(P L 2 + L*P ) > C\H\ 2 I > 0. 

The symmetrizer Pq, which is not unique, is constructed by establishing first that 
if L 2 is a fixed K x K matrix with spectrum in Re z < 0, then there exists a K x K 
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matrix Pq such that Po and — (P0L2 + L2P0) are positive definite. This is an exercise 
in linear algebra. One then observes the following facts. One, for a given positive 
matrix P ? the set of L 2 such that — (PqLq+L^Po) is positive definite, is open. Next, 
for given L2 with spectrum in Re z < 0, the set {Po : Pq > 0, — (P0L2 + L2P0) > 0}, 
is an open convex set of matrices, within the linear space of self adjoint K x K 
matrices. Using this and a partition of unity argument, one can establish the 
following, which then yields Lemma 7. 2. A. 

Lemma 7.2.B. If denotes the space of real K x K matrices with spectrum in 
Re z < and the space of positive definite (complex) K x K matrices, there is 
a smooth map 

homogeneous of degree 0, such that, if L e M.^ and P = $(L), then —(PL+L*P) e 

1 K- 

Having constructed Po(t,v,x,{;), note that 

u £ C 2 ==>■ L(t,Dlu,x,£,) E C 1 ^ and 
(7 ' 2 ' 4) P (t,D 1 x u,x,t)eC 1 S° cl . 

Now, with P = P (t, Dlu, x, D), set 

(7.2.5) Q= 1 -{P + P*) + Kk~\ 

with K > chosen so that Q is positive definite on L 2 . Now, with u £ defined as 
the solution to (7.1.3), u s (0) = /, we estimate 

(7.2.6) J t ( KSu ^ Qe^ne) = 2(A s d t u e , Q s A s u £ ) + (A s u e , Q' £ A s u e ), 

where Q e is obtained as in (7.2.5) from P e = Po(t, D\J e u e ,x, D). In the last term 
we can replace Q' e by (d/ 'dt)P (t, DlJ e u £ ,x, D), and obtain 

(7.2.7) \(A s u £ ,Q' £ A s u s )\ < C(\\u £ (t)\\ c s)\\u £ (t)\\ 2 Hs . 

The C 3 -norm arises from the equation (7.1.3) for du £ /dt. 

We can write the first term on the right side of (7.2.6) as twice 

(7.2.8) (Q £ A s J £ L £ J £ u £ , A s u £ ) + (Q £ A S B £ , A s u £ ), 
where L £ is as in (7.1.3). The last term here is easily dominated by 

(7.2.9) C , (||u e (*)|| C i)||J e u e (*)||ff. + i • K(*)||ff- 
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We write the first term in (7.2.8) as 

(Q £ L £ A s J £ u £ , A s J e u e ) + (Q £ [A S , L e ] J £ u £ , A s J £ u s ) 
( ' 2 ' 10) + ([Q £ A%J £ ]L £ J £ u £ ,A s u £ ), 

just as in (5.2.36), except now L s is a second order operator. As long as (7.2.4) 
holds, P £ also has symbol in C 1 ^, and as in (5.2.37) we can apply Proposition 
4.1.E to get 

(7.2.11) [Q e A s , J e ] bounded in £(# s "\ L 2 ), 
with a bound given in terms of ||u e ||cf2. Furthermore, we have 

(7.2.12) \\L £ J £ u £ \\ H s-i < C(||tt e || c i)||J e tt e || Ws +i + C(\\u £ \\ C 2)\\J £ u £ \\h° , 
so we can dominate the last term in (7.2.10) by 

(7.2.13) C(\\u £ (t)\\ C 2)\\J £ u £ \\ H s +1 ■ \\u £ \\ H s. 

Moving to the second term in (7.2.10), we can use the Kato-Ponce estimate to get 

(7.2.14) \\[A\L £ ]v\\ L , < C^[||^ fc || Lipl • \\v\\ H . + i + \\A^ k \\ H s ■ \\v\\c 2 ■ 

Hence the second term in (7.2.10) is also bounded by (7.2.13). 

This brings us to the first term in (7.2.10), and for this we apply the Garding 
inequality, Proposition 4. 3. A, to get 

(7.2.15) (QeL s v,v) < -C \\v\\ 2 Hl +C(\\u e \\ c *)\\v\\ 2 L i. 

Substituting v = A s J e u £ and using the other estimates on terms from (7.2.6), we 
have 

j t (A s u £ ,Q £ A s u £ ) < -C ||J e w e ||^ s+ i 

+ C(||lt e ||c3)||lt e ||jf« [\\JeU £ \\ H ^ + IWsWh*] 

which we can further dominate as in (7.1.11). 

From here, all the other arguments yielding Proposition 7.1. A and Proposition 
7.1.B apply, and we have the following. 
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Proposition 7.2.C. Given the parabolicity hypothesis (7.2.1), if f G H S (M), and 
s > n/2 + 3, then (7.1.1) has a unique solution 

(7.2.16) u G C([0,T),H s (M)) nC°°((0,T) x M) 

/or some T > 0, which persists as long as \\u(t)\\cs is bounded. 

§7.3. Sharper estimates 

While on the face of it §7.1 seems to be a clean parallel with the analysis of 
hyperbolic equations in Chapter 5, in fact the results are not as sharp as they can 
be, and we obtain sharper results here, making more use of paradifferential operator 
calculus. We begin with completely nonlinear equations: 

(7.3.1) ^ = F(t,x,D 2 x u), u(0) = f, 



for u taking values in IR K . We suppose F = F(t, x, C), ( = (( a j : |«| < 2, 1 < j < K) 
is smooth in its arguments, and our strong parabolicity hypothesis is: 

r) F 

(7.3.2) - Re Q^-f * C \^^ 



a =2 



for £ G R n , where Re A = (1/2) (A + A*) for a K x K matrix A. Using §3.3, we 
write 

(7.3.3) F(t, x, D 2 x v) = M(v; t, x, D)v + R(v). 
Thus, for r > 0, 

(7.3.4) v(t) G C 2+r =► M(v; G ^^1,1 C C r S 2 fi n 5^. 
The hypothesis (7.3.2) implies 

(7.3.5) - Re M (v; £, x, £) > C\t\ 2 I > 
for |£| large. Note that symbol smoothing in x gives 

(7.3.6) M(v; t, x, £) = M* (t, x, + M b (t, x, £) 
and, when (7.3.4) holds (for fixed t) 

(7.3.7) M*(t,x,0eA r Sl d , M b (t,x,0eS 2 y d . 
We also have 

(7.3.8) - Re M*(t, x, f) > C|£| 2 / > 
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for |£| large. 

We will obtain a solution to (7.3.1) as a limit of solutions u e to 

f)ll 

(7.3.9) -^ = J £ F(t,x,D 2 x J £ u £ ), u e (0) = f. 

Thus we need to show that u e (t,x) exists on an interval t G [0, T) independent of 
e E (0, 1] and has a limit as e — > solving (7.3.1). As before, all this follows from 
an estimate on the IP-norm, and we begin with 

{7 31Q) j t Wu e {t) \\h = 2(A S J e F(t, x, D 2 x J £ u £ ),A s u £ ) 

= (A a M e J £ u s , A s J £ u £ ) + 2(A S R £ , A s J £ u e ). 
The last term is easily bounded by 

C{\\u £ {t)\\ L ,)[\\J £ u e {t)\\l s + l\ 
Here M £ = M(J £ u £ ; t, x, D). Writing M £ = M* + M h e as in (7.3.6), we see that 

(A s M h e J £ u £ ,A s J £ u £ ) 
(7-3.11) = (A- 1 M e b J eUe ,A a+1 J e u e ) 

< C(\\ J e U £ \\ c 2 +-r) || «/ e lt e || H 3+l-rS \\J £ U £ \\ H s + l 

for s > 1, since by (7.3.7), M b £ : H s+1 ~ rS — ► H 8 ' 1 . We next estimate 
(A s M*J £ u £ ,A s J £ u £ ) 
°' ~ = (M*A s J £ u £ ,A s J £ u £ ) + ([A s ,Mf]J £ u £ ,A s J £ u £ ). 

By (7.3.7), [A a ,M*] E OP^J 2 " r , if < r < 1, so the last term in (7.3.12) is 
bounded by 

(7313) (A _1 [A S , M*]J £ u £ , A s+1 J £ u £ ) 

< C(\\U £ \\c2 + r)\\J £ U £ \\ H s + l- r ■ \\J £ U £ \\ H s + l. 

Finally, Garding's inequality applies to Mf : 

(7.3.14) (Mfw,w) < -C \\w\\ 2 Hl +C 1 (||u e || c2+ r)||«;||| 2 . 
Putting together the previous estimates, we obtain 

(7.3.15) ^l|Me(*)||fr» < -^C \\J £ u £ \\ 2 H s+i + C(\\u £ \\ C 2+r)\\J £ u £ \\ 2 Ha+1 - rS7 

and using Poincare's inequality, we can replace —Co/2 by —Co/4 and the H s+1 ~ rS - 
norm by the iP-norm, getting 

(7316) j t \WMf H .<-\c4J,u, m W 

+ C'(||u e ( t )|| c „,-)||/ e « e (i)ll? f .. 

From here, the arguments used to establish Proposition 7.1. A and Proposition 7.1.B 
yield: 
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Proposition 7. 3. A. If (7.3.1) is strongly parabolic and f G H s (M),s > n/2 + 2, 
then there is a unique solution 

(7.3.17) u G C([0,T),H s (M)) nC°°((0,T) x M), 
which persists as long as ||ti(£)||c 2 +*- is bounded, given r > 0. 

Note that if the method of quasilinearization were applied to (7.3.1) in concert 
with the results of §7.1, we would require s > n/2 + 3 and for persistence of the 
solution would need a bound on ||it(t)||crs. 

We take another look at the quasilinear case (7.1.1), i.e., the special case of 
(7.3.1) in which 

(7.3.18) F(t,x,Dlu) = ^A jk {t,x,D 1 x u)d j d k u + B{t,x,Dlu). 

We form M(v;t,x, D) as before, by (7.3.3). In this case, we can replace (7.3.4) by 

(7.3.19) v G C 1+r =^ M(v; t, x, £) G A^S^ + S 2 ;^. 

Thus we can produce a decomposition (7.3.6) such that (7.3.7) holds for v G C 1+r . 
Hence the estimates (7.3.11)-(7.3.16) all hold with constants depending on the 
C 1+r -norm of u s (t), rather than the C 2+r -norm, and we have the following im- 
provement of Proposition 7.1.A-Proposition 7.I.B. 

Proposition 7.3.B. If the quasilinear system (7.1.1) is strongly parabolic and f G 
H S (M), s > n/2 + 1, then there is a unique solution satisfying (7.3.17), which 
persists as long as \\u(t)\\ci+r is bounded, given r > 0. 

We look at the further special subcase of (7.1.19), where 

(7.3.20) F{t,x,D 2 x u) = ^A jk {t,x,u)d j d k u. 
In this case, if r > 0, we have 

(7.3.22) v G C r ==>■ M(v; t, x, f ) G A r S 2 hl + S 2 ^\ 
and the following improvement of Proposition 7.1.C results. 

Proposition 7.3.C. If the system (7.1.19) is strongly parabolic and f G H S (M), s > 
n/2 + 1, then there is a unique solution satisfying (7.3.17), which persists as long 
as \\u(t)\\c r is bounded, given r > 0. 

It is also of interest to consider the case 

(7.3.23) ^ = J2djA jk (t,x,u)d k u, u(0) = f. 
Arguments similar to those done above yield: 
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Proposition 7.3.D. If the system (7.3.23) is strongly parabolic, and if 

71 

(7.3.24) feH s (M), s>- + l, 

then there is a unique solution to (7.3.23), satisfying (7.3.17), which persists as 
long as \\u(t)\\c r is bounded, given r > 0. 

For (7.3.23), the DeGiorgi-Nash-Moser theory has the following implication, 
when the coefficients A^ k are scalar. (A treatment can be found in Chapter 15 
of [[T2]].) 

Theorem 7.3.E. Suppose (7.3.24) holds on [to,to + a] x M, with scalar coefficients 
satisfying 

AoK| 2 <^^ fc (t,x, W )^ fc <AiK| 2 . 
Then u(to + a, x) = w(x) belongs to C r for some r > 0, and there is an estimate 

(7.3.25) \\w\\ C r < K(a,\ ,\i)\\u(t ,-)\\L°°. 

In particular, the factor K(a, Ao, Ai) does not depend on the modulus of continuity 
of ,\>'\ 

This produces a global existence result; compare Theorem 8 of [Br]. 

Proposition 7.3.F. If (7.3.24) is a strongly parabolic scalar equation, the solution 
guaranteed by Proposition 7.3.D exists for all t > 0. 

Proof. An L°°-bound on u(t) follows from the maximum principle, and then (7.3.25) 
gives a C r -bound on u(t), for some r > 0. Hence global existence follows from 
Proposition 7.3.D. 

Let us also consider the parabolic analogue of the PDE (2.2.62), i.e., 

(7.3.26) |=^#(V«)5 3 9 fcU) u(0)=f, 
with 

Ai k (p) = F PjPk (p). 

Again assume u is scalar. Then Proposition 7.3.B applies, given / e H S (M), s > 
n/2 + 1. Furthermore, ue = dgu satisfies 

(7.3.27) d ^ = Y j d J A^{Vu)d k u i , u t (0) = ft = d t f. 

This follows by applying dt to (7.3.26) and using the symmetry of F PjPkPi in (j, k, £). 
The maximum principle applies to both (7.3.26) and (7.3.27). Thus, given u G 
C([0,T],# s ) nC°°((0,T) x M), 

(7.3.28) \u(t,x)\ < ||/|| L oc, \u e (t,x)\<\\fe\\ L °o, < t < T. 
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Now the De Georgi-Nash-Moser theory applies to (7.3.27) to yield 
(7.3.29) IMV)Hc-(m) <K, 0<t<T, 

for some r > 0, as long as the ellipticity hypothesis from (2.2.61) applies. Hence 
again (via Proposition 7.3.B) there is global solvability: 

Proposition 7.3.G. If F(p) satisfies (2.2.61), then (7.3.26) has a solution for all 
t > 0, given f G H S (M), s>n/2 + 1. 



§7.4. Semilinear parabolic systems 

Here we study equations of the form 

(7.4.1) — = Au + F(x,Dlu), u(0) = f. 

We suppose it(£, x) takes values in IR fc , t E [0, T), x G M, and A is the Laplace 
operator on M, acting componentwise in w, though clearly A can be replaced by 
more general second order strongly elliptic operators. We begin by stating the 
following result, which is merely a specialization of Proposition 7.1. C. 

Proposition 7.4. A. If f G H S (M), s > n/2 + 1, then there is a unique solution to 
(7.4.1), u G C([0,T),H s (M))r)C°°((0,T) xM), which persists as long as \\u(t)\\ c i 
is bounded. 



Though this has been established, we record another proof of the persistence 
statement here. Note that 

(7.4.2) F(x, D l x u) = A(u; x, D)u + R(u) 
with R(u) G C°° and 

(7.4.3) ueC 1 =>- A(u; x, D) G OPSl v 
Now we have 

(7.4.4) j t \\K s u\\l, = -2\\ A s+1 u\\h + 2(A s F(x, £>£«), A s u). 

We can dominate the last term by 

2\\A s+1 u\\ L .-\\A s - 1 F(x,D 1 u)\\ L2 

^IIA^^m. + iiA 5 - 1 ^,^)!!!- 

The first term on the right side of (7.4.5) can be absorbed into the first term on 
the right side of (7.4.4). Meanwhile, (7.4.2)-(7.4.3) yield 

(7.4.6) WA^F^D'u)^ <C(\\u\\ c .)[\\u\\ 2 Hs +l] 
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SO 

(7-4.7) J t \\^ u \\l- < -\\Hls + , +C , (|H| C i)[||A'«||i a + 1], 

which implies the persistence given a bound on ||it(t)||ci- 

Note that, if we do not use (7.4.2)-(7.4.3) but instead appeal to the Moser 
estimate 

(7.4.8) \\F(x, D l u) f Hs ^ < C(\\u\\ c i) [\\u\\ 2 Hs + l] , 

we again have the estimate (7.4.7). 

We derive further results on solvability of (7.4.1), making more specific use of 
the semilinear structure. We convert (7.4.1) to the integral equation 

u{t) = e tA f + J* e^ A F(x, D^ds 
= Vu(t). 

We want to construct a Banach space C([0, T],X) such that ^> acts as a contraction 
map on a certain closed subset, and hence possesses a unique fixed point. Suppose 
there are two Banach spaces X and Y of functions (or maybe distributions) with 
the following properties: 

e tA is a continuous semigroup on X, 

(7.4.10) e tA : Y -> X for t > and \\e tA \\ c{Y ,x) e L 1 ([0,1], dt), 

$ : X — > y is locally Lipschitz, where $(-u) = F(x, D 1 ^). 

Given these hypotheses is it easy to show that, if first e > and then T > are 
picked small enough, and 

(7.4.11) X = {u E C([0,T],X) : u(0) = f, \\u(t) - f\\ x < e}, 

then ^ : X — > X and is a contraction map here. 

As an example, let X = C r (M), r > 1, integer or not, and let Y = C r ~ 1 (M). It 
is easy to verify all the hypotheses in (7.4.10) in this long as F is smooth 

in its arguments. We have the following result. 

Proposition 7.4.B. Given f G C r (M), r > 1, the equation (7.4.1) has a solution 

(7.4.12) weC([0,T],C r (M))nC°°((0,T) x M). 



The only point left to establish is the smoothness result. But it is easy to see 
that ^ : X -> C((0,T),C r +"(M)) for any p < 1. Hence u G C((0, T), C r +"). 
Replacing t = by t = t a G (0, T) and / by it(£ ) and iterating this argument 
yields smoothness. 

Note that the persistence result of Proposition 7. 4. A is the same as that given by 
the proof of the last result, which is persistence given a C 1 -bound on u(t). On the 
other hand, the solvability given only / G C 1 is not obtainable from Proposition 
7.4. A. The following consequence of Proposition 7.4. B is useful. 
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Corollary 7.4.C. 7/(7.4.1) is solvable with a uniform bound \\u(t)\\c^ < Ki, for 
all t > 0, then there are uniform bounds 

\\u(t)\\ c e <K e , t>l. 



We now turn to an important example of a semilinear parabolic system, arising 
in the study of harmonic maps, first treated by Eells and Sampson. 

Let M and N be compact Riemannian manifolds, N G M. k . A harmonic map 
u : M — > N is a critical point for the energy functional 

(7.4,3) BW = /|V« W P rf V W , 

M 

amongst all such maps. Such a map, if smooth, is characterized as a solution to 
the semilinear equation 

(7.4.14) Au - r(u) (Vu, Vu) = 

where F(u)(Vu, Vu) is a certain quadratic form in Vu, taking values in the normal 
space to N at u(x). For this calculation, see [J] or [Str], or [[Tl]], Chapter 15. Denote 
the left side of (7.4.14) by t(u); it can be shown that, given u G C 1 (M, N), r(u) is 
tangent to N at u(x). Eells and Sampson proved the following result. 

Theorem 7.4.D. Suppose N has negative sectional curvature everywhere. Then, 
given v G C°°(M, N), there exists a harmonic map w G C°°(M, N) which is homo- 
topic to v. 

In [ES], the existence of w is established via solving the PDE 

(7.4.15) — = Au-r(u)(Vu,Vu), u(0) = v. 

It is shown that, under the hypothesis of negative sectional curvature on N, there is 
a smooth solution to (7.4.15) for all t > 0, and that, for a sequence tk — > oo, w(tfc) 
tends to the desired to. 

Given that r(u) is tangent to for u G C°°(M, iV), it follows that u{t) : M ^ N 
for each t in the interval [0, T) on which the solution to (7.4.15) exists. In order to 
estimate V x w, Eells and Sampson produced a differential inequality for the energy 
density e(t,x) = | V x u(t, x) | 2 . In fact, there is the identity 

<9e 1 

— Ae = —\Vdu\ 2 — -(du ■ Ric M (ej), du ■ ej) 

(7.4.16) dt 2 

+ -(R N (du ■ ej, du ■ ek)du ■ ek,du ■ ej}, 
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where {e-,} is an orthonormal frame at T X M and we sum over repeated indices. 
Given that N has negative sectional curvature, this implies the inequality 

de 

(7.4.17) — - Ae < ce. 

at 

If f(t, x) = e _ct e(t, x), we have df/dt — Af < 0, and the maximum principle yields 
f(t,x)< ||/(0, hence 

(7.4.18) e(t,x) <e ct \\Vv\\ 2 Lac . 

This C 1 estimate implies the global existence of a solution to (7.4.15), by Proposi- 
tion 7. 4. A, or by Proposition 7.4. B. 

For the rest of Theorem 7.4.D, we need further bounds on u, including an im- 
provement of (7.4.18). For the total energy 

(7.4.19) E(t) = ^J e(t,x)dV(x) = ^J \Vu\ 2 dV(x) 

M M 

we claim there is the identity 

(7.4.20) E'(t) = - J\^\ 2 dV(x). 

M 

Indeed, one easily obtains E'(t) = — f(ut, Au)dV(x). Then replace Au by ut + 
r(it)(Vit, Vu). Since u t is tangent to iV and T{u){Vu, Vu) is normal to N, (7.4.20) 
follows. The desired improvement of (7.4.18) wil be a consequence of the following 
estimate. 

Lemma 7.4. E. Let e(t,x) > satisfy the differential inequality (7.4.17). Assume 
that E(t) = 2 I e(t,x)dV(x) is bounded. Then there is a uniform estimate 

(7.4.21) e(t,x) < e c K||e(0, -)||l-, t > 0, 
where K depends only on the geometry of M. 

Proof. Writing de/dt — Ae = ce — g, g(t, x) > 0, we have, for < s < 1, 

e(t + s,x) = e s{A+c) e(t,x)- [ e {s ~ T){A+c) g(r, x) dr 

(7.4.22) Jo 

< e s ( A+c) e(t,x). 

Since e s ( A+c ^ is uniformly bounded from L X (M) to L°°(M) for s G [1/2,1], the 
bound (7.4.21) for t e [1/2, oo) follows from the hypothesized L 1 -bound on e(t). 
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We remark that a more elaborate argument, which can be found on pp. 84-86 
of [J] , yields a explicit bound K depending on the injectivity radius of M and the 
first (nonzero) eigenvalue of the Laplace operator on M. 

Since Lemma 7.4.E applies to e(t, x) = \Vu\ 2 when u solves (7.4.15), we see that 
solutions to (7.4.15) satisfy 

(7.4.23) IK*)Hci < ^iIMIci, for all t > 0. 
Hence, by Corollary 7.4.C, there are uniform bounds 

(7.4.24) \Ht)\\ c t < K e \\v\\ C i, t>l, 

for each I < oo. Of course there are consequently also uniform Sobolev bounds. 

Now, by (7.4.20), E(t) is positive and monotone decreasing as t /* oo. Thus 
the quantity f M \u t (t, x)\ 2 dV(x) is an integrable function of t, so there exists a 
sequence tj — > oo such that 

(7.4.25) \\u t (t jr )\\ L 2^0. 
From (7.4.24) and the PDE (7.4.15) we have bounds 

\\u t {t, -)\\ H k < C k 
and interpolation with (7.4.25) then gives 
(7.4.26) 

Therefore, by the PDE, one has for Uj(x) = u{tj,x), 

(7.4.27) A Uj - r(uj)(Vuj, Vuj) -> in H £ ~ 2 (M), 

as well as a uniform bound from (7.4.24). It easily follows that a subsequence 
converges in a strong norm to an element w G C°°(M, N) solving (7.4.14) and 
homotopic to v, which completes the proof of Theorem 7.4.D. 

It is fairly easy to go on to show that there is an energy minimizing harmonic 
map w : M — > N within each homotopy class, when iV has negative sectional 
curvature, but Hartman has established a much stronger result, on the essential 
uniqueness of harmonic maps; cf. [J], §3.4. 

We pursue a little more the method used to establish Proposition 7.4.B, in the 
case when F{x,D],u) has extra structure such as is possessed by r(u)(Vit, Vit) 
appearing in (7.4.15). Thus we assume 

(7.4.28) F(x, Dlu) = B(u)(Vu, Vu), 
a quadratic form in Vu. In this case, we take 

(7.4.29) X = H 1 ' P , Y = L q , q = p/2, p > n, 

and verify the three parts of the hypothesis (7.4.10), using the Sobolev imbedding 
result 

H l,p c H s,q c L nq/(n-sq)^ for p > ^ 1 < g < ^ 

S 

The latter inclusion implies that H s,p / 2 C L p for some s < 1, given p > n, and 
this yields the needed operator norm bound on e tA : L q — > H 1,p . We obtain the 
following. 
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Proposition 7.4. F. If (7.4.28) is a quadratic form in Vit, then the PDE 

(7.4.30) — = Au + B(u) (Vu, V«) , u(0) = f, 

has a solution 

u e C([0,T},H 1 > p ) nC°°((0,T) x M), 

provided 

f E H 1,P (M), p>n. 

The smoothness is established by the same sort of arguments as described before. 
Note that the proof of Proposition 7.4.F yields persistence of solutions as long as 
||it(t)||jfi, P is bounded for some p > n. 
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Chapter 8: Nonlinear elliptic boundary problems 



We establish estimates and regularity for solutions to nonlinear elliptic boundary 
problems. In §8.1 we treat completely nonlinear second order equations, obtaining 
L 2 -Sobolev estimates for solutions assumed a priori to belong to C 2+r (M), r > 0. 
The analysis here is done on a quite general level, and extends readily to higher order 
elliptic systems, by amalgamating the nonlinear analysis in §8.1 with the approach 
to linear elliptic boundary problems taken in Chapter 5 of [T2]. In §8.2 we make 
note of improved estimates for solutions to quasilinear second order equations. In 
§8.3 we show how such results, when supplemented by the DeGiorgi-Nash-Moser 
theory, apply to solvability of the Dirichlet problem for certain quasilinear elliptic 
PDE. 

§8.1. Second order elliptic equations 

We examine regularity near the boundary for solutions to a completely nonlinear 
second order elliptic PDE, with boundary condition to be prescribed later. Hav- 
ing looked at interior regularity in §2.2 and §3.3, we restrict attention to a collar 
neighborhood of the boundary dM = X, so we look at a PDE of the form 

(8.1.1) d 2 u = F(y,x 1 D 2 x u 1 D 1 x d y u) 1 
with ye [0, 1], x G X. We set 

(8.1.2) v\ = Au, V2 = d y u, 
and produce a first-order system for v = (v\,V2), 

Al>2, 

F(y,x,D 2 x A- 1 v ll D 1 x v 2 ). 

An operator like T = A or T = D 2 x A~ l does not map C k+1+r (IxX) to C k+r (Ix 
X), but if we set 

(8.1.4) C k+r+(j xX )=\J C k+r+e(j x ^ 

£>0 

then 

(8.1.5) T : C k+1+r+ (I xX) — ► C k+r+ (I x X). 

Thus we will assume u G C 2+r+ . This implies v G C 1+r+ , and the arguments 
D 2 A~ 1 vi and D\vi appearing in (8.1.3) belong to C r+ . We will be able to drop 
the "+" in the statement of the main result. 



(8.1.3) 



dy 
dv 2 
dy 
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Now if we treat y as a parameter and apply the paradifferential operator con- 
struction developed in §3.3 to the family of operators on functions of x, we obtain 

F(y, x, DlA^vu Dlv 2 ) = A 1 (v; y, x, D x ) Vl 

(8.1.6) 

+ A 2 (v; y, x, D x )v 2 + R(v), 

with (for fixed y) R(v) G C°°(X), 

(8.1.7) Mv;y,x,0 G C C^o n S\ tl 
and 

(8.1.8) £>f A, G 5^, for < r, S^ 1 ^, for > r, 

provided w G C 2+r+ . 

Note that if we write F = F(y, x, (, rj), ( a = D^u (\a\ < 2), i] a = D^d y u (\a\ < 
1), then we can set 

r) F 

(8.1.9) B 1 (v;y 1 x^) = £ ^(^A" V, £^2 )£"<£} - 1 

|a|<2 ^ a 

(suppressing the y- and ^-arguments of F) and 

(8.1.10) B 2 (v;y,x,0= £ — (Z^A" V, £>2)r • 

Ia|<l 0??a 



Thus 

(8.1.11) v g c 1+r+ =^ Aj - Bj g c r s\y. 

Using (8.1.4), we can rewrite the system (8.1.3) as 

^ = A, 2 , 

(8.1.12) ll 

= A x {x, D) Vl + A 2 (x, D)v 2 + R(v). 

dy 

We also write this as 

(8.1.13) ^ = K(v;y,x,D x )v + R (ReC°°), 

where K(v;y,x,D x ) is a 2 x 2 matrix of first-order pseudodifferential operators. 
Let us denote the symbol obtained by replacing Aj by Bj as K, so 

r nl — r 



(8.1.14) K-K G crsij 
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The ellipticity condition can be expressed as 

(8.1.15) spec K(v; y, x, f ) C {z G C : |Re z\ > C|f |}, 

for |£| large. Hence we can make the same statement about the spectrum of the 
symbol K, for |£| large, provided v G C 1+r+ with r > 0. 

In order to derive L 2 -Sobolev estimates, we will construct a symmetrizer, in 
a fashion similar to §7.2. In particular, we will make use of Lemma 7.2.B. Let 
E = E(v;y,x,£) denote the projection onto the {Re z > 0} spectral space of K, 
defined by 

(8.1.16) E(y,x,0 = ^. J(z-k(y t x t 0)~ 1 dz, 

i 

where 7 is a curve enclosing that part of the spectrum of K(y, x,£) contained in 
{Re z > 0}. Then the symbol 

(8.1.17) A=(2E- 1)K e C r S x cl 

has spectrum in {Re z > 0}. Let P G C r S® t be a symmetrizer for the symbol A. 
Thus P and (PA + A*P) are positive-definite symbols, for |^| > 1. 

We now want to apply symbol smoothing to P, A, and E. It will be convenient 
to modify the construction slightly, and smooth in both x and y. Thus we obtain 
various symbols in S^g, with the understanding that the symbol classes reflect 
estimates on D yiX -derivatives. For example, we obtain (with < 5 < 1) 

(8.1.18) P(y,x,OeS h5 ; P-PeC r S~f 



by smoothing P, in (y,x). We set 



(8.1.19) Q = X - (P(y, x, D x ) + P(y, x, D x f) +KA~\ 

with K > picked to make the operator Q positive-definite on L 2 (X). Similarly, 
define A and E by smoothing A and E in (y, x), so 

A(y,x,0eSl s , A-AeC r S\j\ 
E(y,x,Z)eS$ t8 , E-EeC r S~ r s s , 



and we smooth K, writing 



(8.1.21) 



K = K + K b ; Kq G Sl s , K b G C r S{j 5 n S 1 ^ 
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Consequently, on the symbol level, 

A = (2E - 1)K + A\ A b e S}l rS , 

(8.1.22) V ' hS 

PA + A*P > C\£\, for |f | large. 

Let us note that the homogeneous symbols K, E, and A commute, for each (y, x, f ); 
hence the commutators of the various symbols K, E, A have order < rd units less 
than the sum of the orders of these symbols; for example, 

(8.1.23) [E(y,x,0,K (y,x,0]eS 1 i y s . 

Using this symmetrizer construction, we will look for estimates for solutions to 
a system of the form (8.1.3) in the spaces Hk }S (M) = Hj~ s (I x X), with norms 

k 

(8-1.24) \\v\\l 8 = \\d^ k - J+s v(y)\\l HlxX y 

j=0 

We shall differentiate (QA s Ev, A s Ev) and (QA S (1 - E)v, A s (l - E)v) with respect 
to y (these expressions being L 2 (X)-inner products) and sum the two resulting 
expressions, to obtain the desired a priori estimates, parallel to the treatment in 
§5.2 of [T2]. 

Using (8.1.13), we have 

^(QA s Ev, A s Ev) = 2 Re(QA s E(Kv + R), A s Ev) 
ay 

( 8A - 2b ) + (Q'A s Ev,A s Ev) 

+ 2Re(QA s E'v,A s Ev). 

Note that given v e C 1+r +,r > 0, Q' and E' belong to OPSf s . Hence, for fixed 
y, each of the last two terms is bounded by 

(8-1.26) C\\v(y)\\ 2 Hs+s/2 . 

Here and below, we will adopt the convention that C = C(||i'||c 1 + i, + )) with a slight 
abuse of notation. Namely, v G C 1+r+ belongs to C 1+r+e for some e > 0, and we 
loosely use ||f||c 1 + i -+ instead of \\v \\ci+ r +e. 

To analyze the first term on the right side of (8.1.25), we write 

(QA s E(Kv + R),A s Ev) = (QA s EK v, A s Ev) 
(8.1.27) +(QA s K b v,A s Ev) 

+ (QA S ER, A s Ev), 
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where the last term is harmless and, for fixed y, 

(8.1.28) \(QA s EK b v, A s Ev)\ < C\\v(y)\\ 2 Hs+(1 _ rS)/2 , 
provided s + (1 — rS)/2 — (1 — rS) > — (1 — S)r, that is, 

(8.1.29) s>\-r+]-r5, 
in view of (8.1.21). 

Since E(y,x^) is a projection, we have E(y,x^) 2 — E(y,x,£) G S^ r 5 5 and 

(8 1 E(y, x, D) - E(y, x, D) 2 = F(y, x, D) G OPS~°, 

a = min (rS, 1 — 5). 

Thus 

(8.1.31) QEK = QAE + G; G{y) G OPS\~ s a . 
Consequently, we can write the first term on the right side of (8.1.27) as 

(8.1.32) (QAEA s v, A s Ev) - (GA s v, A s Ev) + (Q[A S , EK ]v, A s Ev). 
The last two terms in (8.1.32) are bounded (for each y) by 

(8-1.33) C\\v(y)\\ 2 Hs+(1 _„ )/2 . 

As for the contribution of the first term in (8.1.32) to the estimation of (8.1.25), 
we have, for each y, 

(8.1.34) (QAEA s v, A s Ev) = (QAA s Ev, A s Ev) + (QA[E, A>, A s v), 
the last term estimable by (8.1.33), and 

(8.1.35) 2 Re(QAA s Ev,A s Ev) > C 1 \\Ev(y)\\ 2 Hs+1/2 - C 2 \\Ev(y)\\ 2 Hs , 

by (8.1.22) and Garding's inequality. Keeping track of the various ingredients in 
the analysis of (8.1.25), we see that 

i ±(QA'Ev,A'Ev) > C l \\Ev(y)\\ 2 Ha+1/2 

~C 2 \\v(y)\\ 2 Hs+(1 ^ /2 -C 3 \\R(y)f H s: 

where Cj = Cj(\\v\\ci+r+) > 0. 
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A similar analysis gives 

^(QA s (l-E)v,A s (l-E)v) 
(8.1.37) V 

< -Ci||(l - E)v(y)\\ 2 Ha+1/2 + C 2 ||t;(y)||| r . +(1 _„ /a) + C 3 \\R(y)\\ 2 H .. 
Putting together these two estimates yields 

\Ci My) \\ 2 Ha+1/2 < Ci \\Ev(y) fe s+1/2 + & || (1 - E)v{y) f Hs+1/2 

(8-1-38) < -^(QA 8 Ev, A s Ev) - -^(QA S (1 - E)v, A s (l - E)v) 

dy dy 

+C 2 \\v( y )f Ha+(1 _„ y2 +C 3 \\R(y)f Ha . 

Now standard arguments allow us to replace if s +( 1_ °")/ 2 by H l , with t << s. Then 
integration over y G [0, 1] gives 

1 Cill^llt+i/2 < HA s ^(l)|li 2 + l|A s (l - E)v(0)\\h 

+ C 2 \\v\\l t + C 3 \\R\\l s . 

Recalling that 

(8-1.40) || v ||; >a = ||A 1+ ^||| 2(M) + \\A s d y v\\ 2 L2(M) 

and using (8.1.13) to estimate d y v, we have 

(8.1.41) |Mlt-i/2 < c[\\Ev(l)\\% s + ||(1 - ^(0)11^. + || W ||S >t + \\R\\l] , 

with C = C(\\v\\ c i+ r +), provided that v G C 1+r+ with r > and that s satisfies 
the lower bound (8.1.29). Let us note that 



\\A'(l-E)v(l)\\U + \\A'Ev(0)\\h 

could have been included on the left side of (8.1.39), so we also have the estimate 

(8.1.42) ||(1 - E)v(l)\\%. + \\Ev(0)\\ 2 Hs < right side of (8.1.41). 

Having completed a first round of a priori estimates, we bring in a consideration 
of boundary conditions that might be imposed. Of course, the boundary conditions 
Ev(l) = /i, (1 — E)v(0) = fo are a possibility, but these are really a tool with 
which to analyze other, more naturally occurring boundary conditions. The "real" 
boundary conditions of interest include the Dirichlet condition on (8.1.1): 



(8.1.43) 



u(0) = / , u(l) = /i, 
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various sorts of (possibly nonlinear) conditions involving first-order derivatives: 

(8.1.44) G j (x,D 1 u) = f j , & ty = j (j=0,l), 

and when (8.1.1) is itself a, K x K system, other possibilities, which can be analyzed 
in the same spirit. Now if we write D 1 u = (u,d x u,d y u) = (k~ 1 vi,d x k~ 1 vi,V2), 
and use the paradifferential operator construction of §3.3, we can write (8.1.44) as 

(8.1.45) Hj(v; x, D)v = g h at y = j, 
where, given v G 

C l+r+ 

(8.1.46) H^x^) G Al+^l, C C 1+r S% n Si v 

Of course, (8.1.43) can be written in the same form, with Hjv = v\. 

Now the following is the natural regularity hypothesis to make on (8.1.45); 
namely, that we have an estimate of the form 

E IMOIIh. ^ C[ll^(0)llir. + 11(1 - EH1)\\%.\ 

(8.1.47) 3 

+ Cj2[\\H j (v-,x,D)v(j)\\ 2 Hs + \\v(j)\\ 2 h^_ ■ 
j 

We then say the boundary condition is regular. If we combine this with (8.1.41) 
and (8.1.42), we obtain the following fundamental estimate: 

Proposition 8.1. A. If v satisfies the elliptic system (8.1.3), together with the 
boundary condition (8.1.45), assumed to be regular, then 



(8.1.48) IMlL-1/2 < C[E \\9i\\h + \Ml,t + \\R 




provided v G H l s _ 1 / 2 H C 1+r ,r > 0, and s satisfies (8.1.29). We can take t << s. 
In case (8.1.44) holds, we can replace ||<7j||h s by \\fj\\H s , o,nd in case the Dirich- 
let condition (8.1.43) holds and is regular, we can replace \\gj\\H a by H/j in 
(8.1.48). 

Here, we have taken the opportunity to drop the "+" from C 1+r+ ; to justify this, 
we need only shift r slightly. For the same reason, we can assume that, in (8.1.1), 
u G C 2+r , for some r > 0. In the rest of this section, we assume for simplicity that 
s — 1/2 G Z + U {0}. 

We can now easily obtain higher-order estimates, of the form 

(8-1.49) IMlL-1/2 < C[£ \\9j\\ 2 H s +k -i + \Mh + \\R\\l-i,s], 

j 
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for t << s — 1/2, by induction from 

ll' u llfc,s-l/2 = IMIfc-1,8+1/2 + ll^y u llA!-l,s-l/2) 

plus substituting the right side of (8.3) for d y v. This follows from the existence of 
Moser-type estimates: 

\\ F (-,-,W 1 ,W 2 )\\k,s-l/2 

(8.1.50) , 

for fc, fe + s — 1/2 > 0. If s — 1/2 G Z+ U {0}, such an estimate can be established 
by methods used in §3 of Chapter 13 in [[Tl]]. 

We also obtain a corresponding regularity theorem, via inclusion of Friedrich 
mollifiers in the standard fashion. Thus replace A s by A| = A s J e in (8.1.25) and 
repeat the analysis. One must keep in mind that K b must be applicable to v(y) for 
the analogue of (8.1.28) to work. Given (8.1.21), we need v{y) G H a with a > 1 — r. 
However, v G C 1+r already implies this. We thus have the following result. 

Theorem 8.I.B. Let v be a solution to the elliptic system (8.1.3), satisfying the 
boundary conditions (8.1.45), assumed to be regular. Assume 

(8.1.51) v G C 1+r , r > 0, 
and 

(8.1.52) g 3 eH s+k -\X), 
with s - 1/2 G Z+ U {0}. Then 

(8.1.53) v e H kj8 _ 1/2 (I x X). 

In particular, taking s = 1/2, and noting that 

(8.1.54) H kfi (M) = H k (M), 
we can specialize this implication to 

(8.1.55) gj G H k ~ 1/2 (X) =^ v G H k (I x X), 

for k = 1, 2, 3, . . . , granted (8.1.51) (which makes the k = 1 case trivial). 

Note that, in (8.1.36)-(8.1.38), one could replace the term ||-R(y)||^ s by the prod- 
uct ||-R(y)||jys-i/2 • ||i>(j/)||# s +i/2; then an absorption can be performed in (8.1.38), 
and hence in (8.1.39)-(8.1.41) we can substitute ||-R||q s _i/ 2 i an d use || ^_ x s _ 1 / 2 
in (8.1.49). 

We note that Theorem 8.1.B is also valid for solutions to a nonhomogeneous ellip- 
tic system, where R in (8.1.13) can contain an extra term, belonging to H k _ l s _ 1 / 2 , 
and then the estimate (8.1.49), strengthened as indicated above, and consequent 
regularity theorem are still valid. If (8.1) is generalized to 

(8.1.56) d*u = F(D 2 x u,D 1 x d y u) + f, 

then a term of the form (0, /)* is added to (8.1.13). 

In view of the estimate (8.1.11) comparing the symbol of K with that obtained 
from the linearization of the original PDE (8.1.1), and the analogous result that 
holds for Hj, derived from Gj, we deduce the following: 
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Proposition 8.1.C Suppose that, at each point on dM , the linearization of the 
boundary condition of (8.1.44) is regular for the linearization of the PDE (8.1.1). 
Assume u G C 2+r , r > 0. Then the regularity estimate (8.1.49) holds. In particular, 
this holds for the Dirichlet problem, for any scalar (real) elliptic PDE of the form 

(8.1.1) . 

§8.2. Quasilinear elliptic equations 

We establish here a strengthened version of Theorem 8.1.B when u solves a 
quasilinear second order elliptic PDE, with a regular boundary condition. Thus we 
are looking at the special case of (8.1.1) in which 

^2B J (x,y,D 1 u)d j d y u 

3 

- A^ k (x, y, D 1 u)djdkU + F 1 (x, y, L>V). 

All the calculations of §8.1 apply, but some of the estimates are better. This is 
because when we derive the equation (8.1.13), i.e., 

(8.2.2) ^ = K(v;y,x,D x )v + R (R G C°°) 

for v = (i>i,i>2) = (Aw, d-y-u), (8.1.5) is improved to 

(8.2.3) u E C r+1 ^ K e A r Sl A + Sly (r > 0). 

Compare (3.3.23). Under the hypothesis u G C r+1 , one has the result (8.1.17), 
A G C r S x cV which before required u G C 2+r . Also (8.1.20)-(8.1.22) now hold for 
u G C 1+r . Thus all the a priori estimates, down through (8.1.49), hold, with 
C = C(||it||ci+0- O ne point that must be taken into consideration is that, for 
the estimates to work, one needs v(y) G H a with a > 1 — r, and now this does 
not necessarily follow from the hypothesis u G C 1+r . Hence we have the following 
regularity result. Compare the interior regularity established in Theorem 2.2.E. 

Theorem 8. 2. A. Let u satisfy a second order quasilinear elliptic PDE with a reg- 
ular boundary condition, of the form (8.1.45), for v = (Au,d y u). Assume that 

(8.2.4) u G C 1_l ~ r l~l -£/i,(j, r>0, r + a > 1. 
Then, for k = 0,1,2, ... , 

(8.2.5) gj G H k ~ 1 / 2 (X) v G H k (I x X). 



F(y,x,D 2 x u,Dld y u) = - 

(8.2.1) 
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The Dirichlet boundary condition is regular (if the PDE is real and scalar) and 

(8.2.6) u(j) = fj G H k+s (X) v G H k:S _ 1/2 (I x X), 

if s > (1 — r)/2. In particular, 

2 = G H k ^'\X) =► „ G tf fc (I x X) 

=^wG # fc+1 (/xX). 

We consider now the further special case 

F(y,x,D 2 x u,Dld y u) = - ^B^x, y, u)djd,, 



y u 



(8.2.8) 3 



A j k (x , y, u) dj d k u + Fi (x, y , L> 1 u) . 

3,k 



In this case, when we derive the system (8.2.2), we have the implication 

(8.2.9) ueC r (M)^ K EAlSl^ + Sly (r > 0). 

Similarly, under this hypothesis we have A G C r S^, etc. Therefore we have the 
following. 

Proposition 8.2.B. If u satisfies the PDE (8.1.1) with F given by (8.2.8), then the 
conclusions of Theorem 8.2A hold when the hypothesis (8.2.4) is weakened to 

(8.2.10) ueC r r)H ha , r + a>l. 



Note that associated to this regularity is an estimate. For example, if u satisfies 
the Dirichlet boundary condition, we have, for k > 2, 

(8.2.11) |M|,H- fc (M) < Cfc(|M| C r(M)) [\\u\dM\\H k - 1 / 2 (dM) + IM|l 2 (M)L 

where we have used Poincare's inequality to replace the ifi i(T -norm of u by the 
L 2 -norm on the right. 

§8.3. Interface with DeGiorgi-Nash-Moser theory 

We resume the discussion begun at the end of §2.2 of a class of quasilinear elliptic 
PDEs whose study involves first the DeGiorgi-Nash-Moser regularity theory and 
then Schauder type extimates. The version of Theorem 2. 2. J for bounded regions, 
with Dirichlet boundary conditions, is the following. Suppose M is compact with 
smooth boundary dM. 
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Theorem 8.3. A. Let u £ H X {M) solve the scalar PDE 

(8.3.1) ^ dja jk {x)d k u = g + ^ djfj on M, 

with g £ L q l 2 ; , fj £ L g , q > n = dim M, and aj k £ L°°(M) satisfying 

(8.3.2) A |£| 2 < $> jfc (z)e^ fc < Ail^l 2 , 

for constants Xj > 0. Suppose u\qm = <f £ C 1 (dM). Then u £ C r (M) for some 
r > 0, and 

(8.3.3) \\u\\ C r < K(X , X u M) [\\g\\ Lq/2 + ^ Wfrh* 
A proof of this is given in Appendix C. 

We want to establish existence of smooth solutions to the nonlinear elliptic PDE 

(8.3.4) <S>(D 2 u) = F P, Pk (Vu)djd k u = on M, u = (f on dM, 
which we derived in (2.2.62) as a PDE satisfied by the minimizer of 

(8.3.5) I(u) = J F(Vu) dx 

M 

over the space V*. Assume ip £ C°°(M). We continue to assume F is smooth and 
satisfies 

C 1 \p\ 2 -L 1 <F(p)<C 2 \p\ 2 + K 2 , 

(8.3.6) 

Aiiei 2 <x;^(p)^*<^2iei 2 . 

We use the method of continuity, showing that, for each r £ [0,1], there is a 
smooth solution to 

(8.3.7) $ T (D 2 !i)=0onM, u = <p on dM , 

where 

$ T (D 2 u) = r$(D 2 u) + (1 - t)Au 
= Y,A j r k (^n)d J d k u 



(8.3.8) 



with 

(8.3.9) Al k (Wu) = TF P]Pk (Vu) + (1 - r)5 jk . 

Clearly (8.3.7) is solvable for r = 0. Let J be the largest interval containing {0} 
such that (8.3.7) has a solution u = u T £ C°°(M) for each r £ J. We will show 
that J is all of [0, 1] by showing it is both open and closed in [0, 1]. The openness 
is the relatively easy part. 
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Lemma 8.3.B. If To G J, then, for some e > 0, [to, to + e) C J. 
Proof. Fix k large and define 

(8.3.10) * : [0, 1] x V^ fc — ► H k ~ 2 (M) 
by *(r, it) = $ T (L> 2 w), where 

(8.3.11) V k = {uE H k (M) : u = <p on dM}. 

This map is C 1 and its derivative with respect to the second argument is 

(8.3.12) D 2 ^(t ,u)v = Lv, 
where 

(8.3.13) L:V k =H k n H] — ► H k ~ 2 (M) 
is given by 

(8.3.14) Lv = ^d j A{ k o {Vu{x))d k v. 

L is an elliptic operator with coefficients in C°°(M), when u = u TQ , clearly an 
isomorphism in (8.3.13). Thus, by the implicit function theorem, for r close enough 
to To there will be u T , close to u To , such that ^(r, u T ) =0. Since u T e H k (M) solves 
the regular elliptic boundary problem (8.3.7), if we pick k large enough we can apply 
the regularity result of Theorem 8.1.B to deduce u T E C°°(M). 

The next task is to show that J is closed. This will follow from a sufficient a 
priori bound on solutions u = u T , r G J. We start with fairly weak bounds. First, 
the maximum principle implies 

(8-3.15) |M| z,°°(M) = |M| L°°(dM)) 

for each u = u T , t G J. 

Next we estimate derivatives. For simplicity we take M = [0, 1] x T n_1 . Each 
U£ = diu satisfies 

(8.3.16) ^2djA jk (Vu)d k u e = 0, 

where A> (Vu) is given by (8.3.9). The ellipticity, which follows from hypothesis 
(8.3.6), implies a bound 

(8.3.17) \\u e \\ H i {M ) < K, l<£<n-l, 
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provided dg is tangent to dM for 1 < £ < n — 1, since ug = dup on dM. Also, a fairly 
elementary barrier construction bounds Vu\qm, and then the maximum principle 
applied to (8.3.16) yields a uniform bound 

(8.3.18) ||Vu|| L oo (M) < K. 

Now Theorem 8. 3. A enters in the following way; it applies to ug = dgu, for 
1 < £ < n — 1. Thus there is an r > for which we have bounds 

(8.3.19) IMIc-(M) l<t<n-l. 

Recall from the end of §2.2 that such a property on all first derivatives of a solu- 
tion to (8.3.4) led to the applicability of Schauder estimates to establish interior 
regularity. 

In the case of examining regularity at the boundary, more work is required, since 

(8.3.19) does not include a derivative d n transverse to the boundary. Now, using 
(8.3.7), we can solve for d 2 u in terms of djdkU, for 1 < j < n, 1 < k < n — 1. This 
leads, via a nontrivial argument, to the estimate 

(8.3.20) \\u\\ cr+im < K. 

This result, due to Morrey, will be established below. 

Granted (8.3.20), we can then apply the estimate (8.2.11) to w = Vw, satisfying 
^2djA jk (w)dkW = 0. Thus, for any /c, 

(8.3.21) \\Vu\\ Hk(M) < K k . 

Therefore, if [0,7~i) C J, as t v /* t\ we can pick a subsequence of u Tv converging 
weakly in H h+1 (M), hence strongly in H k (M). If k is picked large enough, the 
limit u\ is an element of H k+1 (M), solving (8.3.7) for r = ri, and furthermore the 
regularity result Theorem 8. 2. A is applicable; hence u\ E C°°(M). This shows that 
J is closed. 

Hence, modulo a proof of Morrey's result (8.3.20), we have the proof of solvability 
of the boundary problem (8.3.4). 

In order to prove (8.3.20), we will use the Morrey spaces, discussed in §A.2. We 
will show that 

(8.3.22) J \Vu e \ 2 dx <CR n ~ 2+2r , l<£<n-l. 
B R nM 

This implies (see (A.2.10)) that 



(8.3.23) 



d k d e u e M P (M) for 1 < £ < n - 1, 1 < k < n, 
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where p G (n, oo) and r G (0, 1) are related by 1 — r = n/p. Now the PDE (8.3.7) 
enables us to write d 2 u as a linear combination of the terms in (8.3.23), with 
L°°(M)-coefficients. Hence d 2 n u G AfP(M), so 

(8.3.24) V(<9 n w) G M P (M). 
A fundamental result of Morrey is that 

(8.3.25) Vv G M p (M) ==>- v G C r (M). 

This is proved in §A.2; see Theorem A. 2. A. Thus d n u G C r (M), and this together 
with (8.3.19) yields (8.3.20). 

It remains to consider (8.3.22); we will establish such an integral estimate with 
ui replaced by V£ = ug — cp£, with cpi = di^p. This will suffice. For V£, we have the 
PDE 

(8.3.26) 

f j = Y t A jk (Vu)d k <p t eL 00 (M). 
k 

For any y G M, a center for concentric balls Br and B 2 r, (which may reach outside 
M), choose a positive function ip G Cq(B 2 r) such that 

(8.3.27) V = 1 on B R , |W| < 2/iJ. 
Pick a constant c such that 

(8.3.28) c = if B 2R C M; c = if S 2 i? n <9M ^ 0. 
Hence ^(aj) 2 (^(x) — c) G #q(M). We estimate 

(8.3.29) J ^{x) 2 A jk djVt ■ d k v £ dx 

M 

from above, substituting V£ — c for V£, integrating by parts and using (8.3.26). There 
follows readily a bound 

(8.3.30) J i){x) 2 \Vvi\ 2 dx<C J [ip(x) 2 + \Vip\ 2 (v e - c) 2 ] dx. 

M M 

Compare (2.2.67)-(2.2.68). Now the Holder estimates (8.3.19) imply that (v t -c) 2 < 
KR 2r on B 2R , so from (8.3.30) we get 



(8.3.31) 



J \Vv t \ 2 dx < C[R n + R n ~ 2 ■ R 

Br 

< C'R n ~ 2+2r , 
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from which (8.3.22) follows. This proves Morrey's result, (8.3.20). 

As noted, to have di, 1 < £ < n— 1, tangent to <9M, we require M = [0, 1] x T n_1 . 
For M C lR n , if X = bgde is a smooth vector field tangent to <9M, then ux = Xu 
solves, in place of (8.3.16), 

Y J d^ k {Wu)d k u x = Y J d 3 F 3 

with Fj E L°° calculable in terms of Vw. Thus Theorem 8. 3. A still applies, and the 
rest of the argument above extends easily. 
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A: Function spaces 



§A.l: Holder spaces, Zygmund spaces, and Sobolev spaces 

Here we collect a few facts about various function spaces used in the paper. More 
details can be found in [SI], [Tr], [H4]. 

If < s < 1, we define C s (IR n ) to consist of bounded functions u such that 

(A.l.l) \u(x + y) - u(x)\ < C\y\ s . 

For k = 0, 1, 2, . . . , we take C k (R n ) to consist of bounded continuous functions u 
such that D^u is bounded and continuous, for \(3\ < k. If s = k + r, < r < 1, 
we define C s (IR n ) to consist of functions u E C fc (IR n ) such that, for \j3\ = k, D^u 
belongs to C r (R n ). 

To connect Holder spaces to Zygmund spaces, we use the S® partition of unity 
introduced in §1.3, 1 = J^JLo^jiO with ipj supported on (£) ~ 2 J , and = 
V'i(2 1 - J for j > 1. It is known that, if u e C% then 

(A.1.2) sup2 fcs ||^ fc ( J D)w|| L oo < oo. 

k 

To see this, first note that it is obvious for s = 0. For s = £ E Z + it then follows 
from the elementary estimate 

(A.1.3) d2 ke \MD)u(x)\ < \MD)D a u(x)\ < C 2 2 ke \MD)u(x)\. 

\a\<£ 

Thus it suffices to establish that u E C s implies (A.1.2) for < s < 1. Since ipi(x) 
has zero integral, we have, for k > 1, 



\ip k (D)u(x)\ = / ip k {y) [u(x - y) - u(x)]dy 
(AAA) J 

<c / \Mv)\-\y\ s dy, 



which is readily bounded by C 2~ ks . 

Conversely, if s is not an integer, finiteness in (A.1.2) implies u E C s . It suffices 
to demonstrate this for < s < 1. With = Z)j<fcV'j(0) ^ \v\ ~ 2~ fc , write 

u{x + y)-u{x)= I yV* k (D)u(x + ty)dt 
(A.1.5) Jo 

+ (l-V k (D))(u(x + y)-u(x)) 
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and use (A.1.2)-(A.1.3) to dominate the L°° norm of both terms on the right by 
C ■ 2~ sk , since \\W k (D)u\\ L °o < C ■ 2( 1 " s ) fc . 

This converse breaks down if s G Z + . We define the Zygmund class C% to consist 
of u such that (A. 1.2) is finite, using that to define the C^-norm. Thus 

(A.1.6) C s = CI if s e R + \ Z+, C k c C k , k e Z+. 

It is known that is an algebra for each s > 0. Also, 

(A.1.7) P e OPS™ =^ P : CI — > CI 



is — m 



if s, s — m > 0. This is proved in §2.1. In fact, one can define CI by finiteness of 

(A. 1.2) for all s G R, and then (A.1.7) holds without restriction. In particular, with 
A = (l-A) 1 /2 ? 

(A. 1.8) A m : CI — > Cl~ m is an isomorphism. 

The basic case can be characterized as the set of bounded continuous u such 
that 

(A.1.9) \u(x + y) + u(x - y) - 2u{x)\ < K\y\. 

This is Zygmund's original definition. 

For 1 < p < oo, seR, the Sobolev spaces H s > p (E. n ) can be defined as 

(A.1.10) H s > p (R n ) = A~ s (L p (R n )). 

It is then true that, for s = k E Z+, u G S'(R n ), 

(A.1.11) u G H k > p (R n ) D a u G L p (R n ) for \a\ < k. 

There is a natural duality 

(A.1.12) H s ' p (R n )* w if- s ' p '(M n ), - + i = l. 

There is a characterization of i7 s ' p (IR n ) analogous to (A. 1.2), namely that 

oo 

(A.1.13) ||{E4 fca |^(DH 2 } 1/211 



I Lp 



fc=0 



be finite. This is a consequence of the Littlewood-Paley theory of L p . In fact, for 
s = 0, the equivalence of the norm above with \\u\\lp is established in §0.11; see 
(0.11.32). For more general s, it follows from the simple estimate 



(A.1.14) C 1 2 ks \ip k (D)u(x)\ < \MD)A s u(x)\ < C 2 2 ks \^ k (D)u(x 
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A complementary result, used in Lemma 2.1.G, is that, with = J2i<k V^(£); 

1/2 | 

k=0 "" " "fc=0 



(A.i.i5) ly^fcCWfc <a P ||{V4 fcs iM 2 j II , s >o, 

IK — ' H s -p II IK — ' J MLp 



for 1 < p < oo. To prove this, writing = A s, ua; and ^k{D)uk = X^=o V^C^) u fc> 



(A.1.16) 



OO OO j 

|{EW^)E«*| 2 } 



I LP 



the Littlewood-Paley estimates show that the left side of (A. 1.15) is 

1/2 | 

"fc| ] 

"£=0 k=i 

which by (A. 1.14) is 

oo oo ^ <2 

(A.i.i7) «||{E 4 ' fl W^)EM 2 } I 

Thus, with Wk = 2 ks fk, we need to show that 



I Lp 



1/2 



LP 



oo oo 

(A.1.18) \\{j2^ s \MD)J2 2 ~ kSw k\ 2 } 

£=0 k=£ 

in other words, we need so show continuity of 

(A.1.19) T(D) : L p (R n , £ 2 ) — > L p (R n , f) 

where 



<c sp \\{j2\™k\ 2 } 



1/2 



fc=0 



LP 



(A.1.20) 



, £ < k 



It is straightforward to verify that 

£l D € r «(OI<c<fl- |a| , *>o, 



(A.1.21) 



so 



(A.1.22) 



D^T(0\\ c{e2) <C s (0- ]a K s>0. 



Hence the vector valued Fourier multiplier result, Proposition 0.11.F, yields (A.1.19), 
and completes the proof of (A. 1.15). 
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There are a number of useful "Sobolev imbedding theorems." We mention 
(A.1.23) H s > p (R n ) C L np/ ( n - sp \R n ), s < n/p. 

Also 

(A.1.24) H s > p (R n ) C L°°(M n ), s > n/p. 

In fact, (A.1.24) can be sharpened and extended to 
(A.1.25) H s ' p (R n ) C C;(M n ), r = s - n/p, 

valid for all s£K. 

§A.2. Morrey spaces 

Let p G (1, oo) and define s G (1 — n, 1) by 

n 

(A.2.1) l-s=-. 

p 

By definition, the Morrey space M p (IR n ) consists of / G L 1 (IR n ) such that 
(A.2.2) J \f(x)\dx<CR n - 1+s 

Br 

for any ball B R of radius i? < 1 centered at any point y G IR n . If O is a subset 
of R n , we say u G M p (0) if its extension by outside O belongs to M p (R n ). The 
notation involving p arises from the fact that, for Q bounded, 

(A.2.3) L p (0) C M p (0), 

as a consequence of Holder's inequality. The role of Morrey spaces depends on the 
following result of Morrey. 

Theorem A. 2. A. If Vt is smooth and bounded, u G if 1 ' 1 (0), then 
(A.2.4) V« G M p (0), p > n => u G C s (0) 

where p and s are related by (A.2.1). 

In light of (A.2.3), this result is a bit sharper than the Sobolev imbedding theo- 
rem 

(A.2.5) ^(HjcrfO) for 8 = 1--, p>n. 

By taking an "even reflection" of u across <9fi, it suffices to prove (A.2.4) for O = 
R n , u having compact support. This can be done as a consequence of the following 
results. 
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Lemma A.2.B. Let p(A) = e~ x \ f G Lj omp (IR n ). TTien 

(A.2.6) f eM p {W) ^p{r^f^E)\f\<Cr- 1+s , re (0,1]. 

Proof. Exercise. 

Proposition A.2.C. If g G S'(R n ), < s < 1, toen 

(A.2.7) (7 e C S (M") |b(rv / =A)(v / =A^)||L- < cr" 1+s , r G (0,1]. 

Proof. This follows easily from the characterization (A. 1.2) of C s (M n ). 

Corollary A.2.D. // / G L^ mp (R n ), ^en 

(A.2.8) / G M p (IR n ), p > n =^ (-A)" 1/2 / G C s . 

Proo/. p(rv /3 A)((-A) 1/2 (-A)" 1/2 /) = p(r«/=A)/, and |p(r«/=A)/| < J9(r v /= A) |/| . 
Hence, if / G M p (IR n ), the criterion (A.2.7) applies to # = (-A)" 1 / 2 /. 

Now, to prove Morrey's Theorem, note that 

V« G M p (R n ) V(-A)" 1 / 2 w G C s 
A.2.9 v 7 v ; 

It is useful to note that, given q G (1, oo), / G L-? omp (IR n ), s = 1 — n/p G (0, 1), 

(A.2.10) y i/wi^^r^^/eM^r). 

Indeed, this follows easily from Holder's inequality. We denote by M^(R n ) the 
space of functions satisfying (A.2.10). 

§A.3. BMO 

Given / G L 1 1 oc (IR n ), and a cube Q with sides parallel to the coordinate axes, we 

set 

(A.3.1) f Q = IQp 1 j f(x) dx, \Q\ = vol(Q), 

Q 
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and say / G BMO if and only if 
(A.3.2) suplQp 1 [ \f(x)-f Q \ 

Q J 



dx 



BMO 



Q 

Q 



is finite. A constant has SMO-seminorm 0; (A.3.2) defines a norm on BMO 
modulo constants. Clearly L°° C BMO. It was shown by John and Nirenberg [JN] 
that, for a cube Q such as above, 

(A.3.3) meas {x G Q : \f(x) - f Q \ > A} < C e - c VII/ll B Mo_ 

Also, for any p < oo, 

(A.3.4) IQr 1 J \f(x)-f Q \ p dx<C p \\f\\ p BM0 . 

Q 

Fefferman and Stein [FS] established many important results on BMO. We men- 
tion a few here. Define 

(A.3.5) = sup J \f(x)-f Q \dx:Q3x}, 

Q 

the sup being over all cubes containing x. Then, for p e (1, oo), 
(A.3.6) ||/ # ||lp<C p ||/|| l ,. 

Of course, / # G L°° if and only if / G BMO. Another very important result of 
[FS] is that / belongs to BMO if and only if it can be written in the form 

n 

(A.3.7) f = g + J2 R i9j, 9j e L°°(R n ), 

i=i 

where i?j are the Riesz transforms; (Rjg) " (0 = 

Another important result in [FS] involves a connection between the space BMO(W n ) 
and Carleson measures on IR" +1 . If Q is a cube in M n , set 

(A.3.8) T(Q) = {(x, y) G : x G Q, 0<y< £(Q)} 

where £(Q) is the length of a side of Q. Then a positive Borel measure on IR" +1 is 
called a Carleson measure provided that, for all cubes Q C M n , 

(A.3.9) /i(T(Q)) <C\Q\. 
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The Carleson norm is 

(A.3.10) |H| c = sup|QrV(T(Q)). 

Q 

Let V e 5(M n ), V(0) = 0. Given / G S'(M n ), y > 0, set u(y,x) = ij>(yD)f(x). It 
is shown in [FS] that, if / G BMO, then |it(x, j/) | 2 y _1 ctecfr/ is a Carleson measure, 
and 

(A.3.11) IIHV'^^IIc^cii/hImo. 

We sketch a proof of this result, which will be used in Appendix D. 

If Q C M. n is a cube, let 2Q denote the concentric cube with twice the diameter 
of Q. Since ip(yD) annihilates constants, we can alter / so that J f(x)dx = 0. 

2Q 

Write f = fo + fi where fo is the restriction of / to 2Q. Then 

J \i;(yD)f (x)\ 2 y- 1 dxdy< J \^yD)f \ 2 y- l dxdy 

(A.3.12) T(Q) 

<C||/o|| 2 L2 

since one has the simple general estimate 

(A.3.13) ^ U{yD)v\\l^<C\\v\\l,. 

Jo y 

Now || /o 11^2 is equal to 

(A.3.14) J \f(x)-f 2Q \ 2 dx<C\\f\\ 2 BMO \Q\ 

2Q 

by (A. 3. 4). On the other hand, using (A. 3. 3), it is not hard to show that 
(A.3.15) H{yD)h{x)\<C\\f\\ BMO j^y xeQ, 

which together with (A.3.12), (A.3.14) yields the desired estimate (A.3.11) on the 
integral of \if}(yD)f(x)\ 2 over T(Q). 

Finally we mention complements to (A. 1.24) and (A. 2.4), namely 

(A.3.16) Vw G M n (R n ) =4tte BMO, 

and 

(A.3.17) H n / p ' p (R n ) c BMO, l<p<oo. 



B: Sup norm estimates 
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§B.l. L°° estimates on pseudo-differential operators 

As is well known, an operator P e OPS^ Q need not be bounded on L°°. We 
will establish a number of results on ||Pit||£,oo, starting with the following, which is 
essentially given in the appendix to [BKM] . 

Proposition B.l.A. If P e OPS%,s > n/2, then 
(B.l.l) \\Pu\\ L °° <C\\u\\ L oo- [l + log " ? '" /:/ 



\U lc 



We suppose the norms are arranged to satisfy ||it||z,«> < Another way to 

write the result is in the form 

(B.1.2) \\Pu\\ L oo <Ce 5 \\u\\ H s +c(\og J)||u||l~, 

for < e < 1, with C independent of e. Then, letting e s = \\u\\l°° /\\u\\h» yields 
(B.l.l). The estimate (B.1.2) is valid when s > n/2 + 5. This can be proved by 
writing P = Pi + P 2 , with Pi = P^i(eD), Wi = ip as in (1.3.1), and showing that 

(B.1.3) ||Pim||l- < c(log ^)||u||loo, ||P 2 «||h- < Ce s \\u\\ H >. 

Rather than include the details on (B.1.3), we will derive (B.1.2) from an estimate 
relating the L°°, H s , and C® norms, which has further uses. 

It suffices to prove (B.1.2) with P replaced by P + cI, where c is greater than the 
L 2 -operator norm of P; hence we can assume P G OPS® is elliptic and invertible, 
with inverse Q e OPS%. Then (B.1.2) is equivalent to 



\u\\l°° < Ce 5 \\u\\ H » + c(log ^J\\Qu\\l^ 



Now since Q : C® — > C°, with inverse P, and the C°-norm is weaker than the 
L°°-norm, this estimate is a consequence of the following result. 

Proposition B.l.B. If s > n/2 + 5, then 

(B.1.4) < Ce s \\u\\ H s + c(\og -)|M| c o. 

Proof Recall from (A. 1.2) that — su Pj>o Now, with tyj = 

Y.i<j write u = ^j( D ) u + (1 - */(-D))«5 le1 ^ £ = 2_J - Clearly 

(B.1.5) \\^j(D)u\\ L oo < j||it||c°- 
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Meanwhile, using the Sobolev imbedding theorem, since n/2 < s — 5, 

i ||(1 - ^(£>)Hk~ < C||(l - tyj(D))u\\ H3 s 

<C2-* s \\(l-* j (D))u\\ H ., 

the last estimate holding since 

(B.1.7) {2 jS A~ s (l - tyj(D)) : j G Z+} is bounded in OPS%. 

The same reasoning shows that, if 1 < p < oo, 
(B.1.8) < Cte*||it||jr«.i> + Cllog -)||d| c o if s > - + 5. 

\ €/ p 

Note also that the arguments involving P in the proof of Proposition B.l.A work 
for P G OPS® s , < S < 1. Hence Proposition B.l.A can be generalized and 
sharpened to: 

Proposition B.l.C. If P e OPS^ s , < 8 < 1, and if 1 < p < oo, s > n/p, i/ien 

|i/.||h s 'P 



(B.1.9) II-P«I|l<» < C|Mlc° 



1 + log 



PC! 



The estimates (B.1.8)-(B.1.9) complement estimates of Brezis-Gallouet-Wainger 
[BrG] , [BrW] , which can be stated in the form 

(B.1.10) II^IIl 00 < Ce \\u\\h^p + C\log -j \\ u \\H n /i-i 

given 

(B.l.ll) s>-+o", g G [2, oo), 

and a similar estimate for g G (1, 2], using (log l/e) 1 ^ . This has a proof similar to 
that of (B.1.4) and (B.1.8). One uses instead of (B.1.5) the estimate 

(B.1.12) ||^(DH| L oo < Ci 1 - 1 / Q ||A n / g w|| L9 , 

in case 2 < q < oo, and the analogous estimate for 1 < q < 2. 

The estimate (B.1.10) for p = q = 2 was used in [BrG] to produce a global 
existence result for a "nonlinear Schrodinger equation." Its role was to provide an 
energy estimate for which Gronwall's inequality would provide global bounds, in a 
fashion similar to [BKM] and to (5.3.18). 
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§B.2. The spaces C r # = 

As in (4.1.23)-(4.1.25), we set 

(B.2.1) CI = = {ue S'(R n ) :Y,V r UAD)u\\L~ < oc}. 

j>0 

It is elementary that 

(B.2.2) B^ A C C° C L°°. 

Techniques similar to those in §2.1 yield 
(B.2.3) P : B s +™ — 

whenever P e OPBS^, s G 1, and whenever < s < r and P e OPC r S^ v 
Details can be found in Chapter I, §12 of [[T2]]. Our purpose here is to establish a 
result including (5.3.17), which is the r = 1 case of the estimate 

(B.2.4) \\u\\ B r oi < C\\u\\ C ; (l + log o> V -. 

V \\U \\c r ' £ 

II 11^* 

We will establish this and some related estimates. First note that by (B.2.3) and 
parallel results for CI and H a+r : it suffices to establish the case r = of (B.2.4). 
In turn, given H a C C s for a = n/2 + s, s G (0, 1), it suffices to show that 

(B.2.5) lldloo < C||dU>(l + logf^ 1 \ s>0. 

* V M r ' 

This in turn is a consequence of: 
Proposition B.2.A. If s > 0, then 

(B.2.6) IIuIIbo < Ce s \\u\\ C s +c(log-)\\u\\ c o. 

cx.,1 \ £/ 

Proof. With ^j(D) as in the proof of Proposition B.l.B, we have 

||(/-* J -(D)) U || B o )i <C IIV^HU- 
(B.2.7) £>j-2 

< C2- SJ \\u\\ C s, 

and 

||*j(D)u|| B o x <C ^ \\1> t (D)u\\ L oo 
(B.2.8) i<j+2 

<C(j + 2)\\u\\ c o. 

Taking j such that 2~ J ps e gives (B.2.6). 
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C: DeGiorgi-Nash-Moser estimates 



In this appendix we establish regularity for a class of PDE Lu = /, for second 
order operators of the form (using the summation convention) 

(C.0.1) Lu = b- x djO? k b d k u 

where (a jfc (x)) is a positive definite bounded matrix and < b < b(x) < bi,b 
scalar, and a jfc ,6 are merely measurable. We will present Moser's derivation of 
interior bounds and Holder continuity of solutions to Lu = 0, from [Mo2], in §C.l- 
§3.2, and then Morrey's analysis of the inhomogeneous equation Lu = f and proof 
of boundary regularity, in §C.3-§C.4, from [Mor]. Other proofs can be found in 
[GT] and [KS]. 

We make a few preliminary remarks on (C.0.1). We will use a jfc to define an 
inner product of vectors: 

(C.0.2) (V,W) = V ja ' k W k , 

and use bdx = dV as the volume element. In case gjk(x) is a metric tensor, one 
can take a jfc = g^ k and b = g 1 ^ 2 ; then (C.0.1) defines the Laplace operator. For 
compactly supported w, 

(C.0.3) (Lu, w) = - J (Vu, Vw) dV. 

The behavior of L on a nonlinear function of u, v = f(u), plays an important 
role in estimates; we have 

(C.0.4) v = f{u) ^Lv = f'(u)Lu + f"(u)\Vu\ 2 , 

where we set | | 2 = (V, V). Also, taking w = ip 2 u in (C.0.3) gives the following 
important identity. If Lu = g on an open set O and ip G Cg(O), then 

(C.0.5) J i) 2 \Vu\ 2 dV = -2 J (i(;Vu,uVip)dV - J ip 2 gudV. 

Compare (2.2.67). Applying Cauchy's inequality to the first term on the right yields 
the useful estimate 

(C.0.6) ^ J tp 2 \Vu\ 2 dV < 2 J \u\ 2 \Vip\ 2 dV - J tp 2 gudV. 

Given these preliminaries, we are ready to present Moser's analysis. 
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§C.l. Moser iteration and L°° estimates 

Consider a nested sequence of open sets with smooth boundary 

(C.l.l) Cl D • • • D Clj D Qj+i D • • • 

with intersection O. We will make the geometrical hypothesis that the distance of 
any point on dflj + i to dflj is ~ Cj~ 2 . We want to estimate the sup norm of a 
function v on O in terms of its L 2 -norm on Oo 7 assuming 

(C.1.2) v > is a subsolution of L, i.e., Lv > 0. 

In view of (CO. 4), an example is 

(C.1.3) v = (l + u 2 ) 1 / 2 , Lu = 0. 

We will obtain such an estimate in terms of the Sobolev constants 7(Oj) and Cj, 
defined below. Ingredients for the analysis include the following two lemmas, the 
first being a standard Sobolev inequality. 

Lemma C.l.A. For v e -H" 1 ^), k <n/(n - 2), 

(C1.4) < 7(%) [||V V ||i« a(ni) + Ml^)} ■ 

The next lemma follows from (CO. 6), if we take ip = 1 on Oj+i, tending roughly 
linearly to on dflj. 

Lemma C.l.B. If v > is a subsolution of L, then, with Cj = C(Qj,flj + i), 
(C.1.5) ||Vv|| L2(n . +l) ^CjHi^n,.). 

Under the geometrical conditions indicated above on Qj, we can assume 
(C.1.6) 7(%)<7o, C,<C(j 2 + l). 

Putting together the two lemmas, we see that, when v satisfies (C.1.2), 

< 7(%+i) [Cf |M|g (nj) + ll«llS(n J+l) " 

(C.1.7) 

<70(Cf + l)\\v\\l^y 

Fix k G (l,n/(n — 2)]. Now, if v satisfies (C.1.2), so does 
(C.1.8) Vj=v K \ 
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by (C.0.4). Note that v j+1 = v R . Now let 



(C.1.9) 



AT - II II - II W 1 /^ 



so 



(C.1.10) 



1^ II L°°(0) = limsupATj. 



If we apply (C.1.7) to Vj, we have 



(C.l.ll) 



\v j+ i\\h ( n j+1 ) < 7o(Cf + l)||^||^ (n ,) 



I 2k 



3 + 1 



Note that the left side is equal to and the norm on the right is equal to 

Nf" i+1 . Thus (C.l.ll) is equivalent to 



(C.1.12) 



N Ui< 



7o(cf + i) 



i/ 



,3 + 1 



N 2 



By (C.1.6), Cf + 1<C (j 4k + 1),so 



oo 

limsupiV?< J] [ 7 oCo(i 4K + 1)1 K N* 
1 x 



(C.l.l: , ») 



< (toCo) 1 /^-^^^^^- 1 log(j 4K + l) 

J=0 



NA 



< K 2 Nq, 



for finite K. This gives Moser's sup norm estimate: 
Theorem C.l.C. If v > is a subsolution of L, then 



(C.1.14) 

where K = K^q, Cq, n). 



\v\\l°°(0) < K\\v\\ L 2^ 



§C.2. Holder continuity 

Holder continuity of a solution to Lu = is obtained as a consequence of the 
following Harnack inequality. Let B p = {x : \x\ < p}. 
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Proposition C.2.A. Let u > be a solution of Lu = in B 2r - Suppose 

(C.2.1) meas {x e B r : u(x) > 1} > Cq 1 r n . 

Then there is a constant c > such that 

(C.2.2) u{x) > c" 1 m B r/2 . 

This will be established by examining v = f(u) with 
(C.2.3) f(u) = max{-log(w + e),0}, 

where £ is chosen in (0, 1). Note that / is convex, so v is a subsolution. Our first 
goal will be to estimate the L 2 (S r )-norm of Vi>. Once this is done, Theorem C.l.C 
will be applied to estimate v from above (hence u from below) on B r / 2 . 

We begin with a variant of (CO. 5), obtained by taking w = ifj 2 f'(u) in (CO. 3). 
The identity is 

(C.2.4) J il) 2 f"\Vu\ 2 dV + 2 J {ipf'Vu, V^) dV = -(Lu, xj} 2 f ). 

This vanishes if Lu = 0. Note that f'Vu = Vv and / /2 |Vw| 2 = |Vv| 2 , if v = f(u). 
Applying Cauchy's inequality to the second integral, we obtain 



(C.2.5) J ^ 2 [j^ - S 2 ] \Vv\ 2 dV<^J | Wf dV. 



Now the function f(u) in (C.2.3) has the property that 
(C.2.6) h = —e~f is a convex function; 

indeed, in this case h(u) = max { — (u + s), — 1}. Thus 
(C.2.7) /" - f = e f h" > 0. 

Hence (C.2.5) yields (with 5 2 = 1/2) 

(C.2.8) J ip 2 \Vv\ 2 dV < 4 J \Vip\ 2 dV, 

after one overcomes the minor problem that /' has a jump discontinuity. If we pick 
ip to = 1 on B r and go linearly to on dB 2r , we obtain the estimate 

(C.2.9) / \Vv\ 2 dV < Cr n ~ 2 
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for v = f(u), given that Lu = and that (C.2.6) holds. 

Now the hypothesis (C.2.1) implies that v vanishes on a subset of B r of measure 

> Cq V n . Hence there is an elementary estimate of the form 

(C.2.10) r~ n Jv 2 dV< Cr 2 ~ n J \Vv\ 2 dV, 

which is bounded from above by (C.2.9). Now Theorem C.l.C, together with a 
simple scaling argument, gives 

(C.2.11) v(x) 2 < Cr~ n J v 2 dV < Cf, x E B r/2 , 

B r 

so 

(C.2.12) u + e > e~ Cl for x E B r/2 , 

for all e E (0, 1). Taking e — > 0, we have the proof of Proposition C.2.A. 

We remark that Moser obtained a stronger Harnack inequality in [Mo3], by a 
more elaborate argument. 

To deduce Holder continuity of a solution to Lu = given Proposition C.2.A is 
fairly simple. Following [Mo2], who followed DeGiorgi, we have from §C.l a bound 

(C.2.13) \u{x)\<K 

on any compact subset O of Qq, given u E H 1 (Qq), Lu = 0. Fix x$ E O, such that 
B p (xq) C O, and, for r < p, let 

(C.2.14) u(r) = sup u(x) — inf u(x), 

where B r = B r (x ). Clearly uj(p) < 2K. Adding a constant to it, we can assume 

(C.2.15) sup-u(x) = - inf u(x) = -u(p) = M. 

B p b p 2 

Then u + = 1 + u/M and U- = 1 — u/M are also annihilated by L. They are both 

> and at least one of them satisfies the hypothesis (C.2.1), with r = p/2. If for 
example u+ does, then Proposition C.2.A implies 

(C.2.16) > c" 1 in B p/4 , 

so 

(C.2.17) -M(l - -) < u(x) < M in B p/4 . 

Hence 

(C.2.18) w (p/4) < (l - ^)w(p), 

which gives Holder continuity: 

(C.2.19) u{r)<u{p)(^f, a = -log 4 (l-l). 

We state the result formally. 
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Theorem C.2.B. If u G i/ 1 (0o) solves Lu = i/ien /or every compact O in Qo, 
there is an estimate 

(C.2.20) IMIc<*(0) < C\\u\\ L 2 {Qo) . 



In fact, we can show that Vu\o belongs to the Morrey space Mf, with p = 
n/(l — r), which is stronger than (C.2.20), by Theorem A. 2. A. To see this, if Br 
is a ball of radius R centered at y, B 2 r C then let c = it(y) and replace u by 
it(x) — c in (CO. 6), to get 

(C.2.21) X - J ^ 2 \Vu\ 2 dV <2 J \u(x) -c\ 2 \Vip\ 2 dV. 

Taking ifj = 1 on Br, going linearly to on 8B 2 r, gives 
(C.2.22) y |Vw| 2 rfF < Ci? n " 2+2r , 



as asserted. Compare (8.3.31). 

§C.3. Inhomogeneous equations 

We take L as in (C.0.1), with a jfc measurable, satisfying 

(C.3.1) < Aol^l 2 < J2 ajk ( x )^k < Aiiei 2 

while for simplicity we assume 6, 6 _1 G Lip(fi). We consider a PDE 
(C.3.2) Lu = f. 

It is clear that, for u G Hq(Q), 

(C.3.3) (Lu,u) > ||0,-u||£ 2 , 

so we have an isomorphism 

(C.3.4) L : Hq(Q) H-^Q). 

Thus, for any / G i/ _1 (0), (C.3.2) has a unique solution u G Hq(Q). One can write 
such / as 

(C.3.5) / = £fy/i, #eL 2 (n). 



188 



The solution u G Hq (ft) then satisfies 

(C3.6) \H\ 2 HHn) <Cj2\\9j\\l 



2 ■ 



Here C depends on Q, Ao, Ai, and b G Lip(fi). 
One can also consider the boundary problem 

(C.3.7) Lv = on fi, v = w on dfl, 

given w G if 1 (0), where the latter condition means v — wE H^fl). Indeed, setting 
v = u + w, the equation for u is Lu = —Lw, u G Hq(Q). Thus (C.3.7) is uniquely 
solvable, with an estimate 

(C.3.8) l|Vu||L»(n) < C\\Vw\\ L 2 { ci) 

where C has a dependence as in (C.3.6). 

The main goal of this section is to give Morrey's proof of the following local 
regularity result. 

Theorem C.3.A. Suppose u G H 1 (fi) solves (0.3.2), with f = Yl^jdji 
gj G M|(0), q > n, i.e., 

\9j\ 2 dV<K^-J , 0<//<l. 

T/ien, /or any OccO, u e C^(0). In fact 

f \ n— 2+2/i 



(c.3.10) y ivwi 2 dv < k\ 



Morrey established this by using (C.3.6), (C.3.8), and an elegant dilation argu- 
ment, in concert with the results of §0.2. For this, suppose Br = B R (y) C fl for 
each y G O. We can write u = U + H on Br where 

LU = Y,di9i<nBR> U G Hq(Br), 
LH = 0onB R , H-ue H%(B R ), 

and we have 

(C.3.12) ||VC/|| L2(Bfl) < Cill^H^^), ||Vtf |U*(b h ) < C 2 \\Vu\\ L 2 {Br) , 

where \\g\\ 2 L 2 = Yl 11^' Ilia- Let us set 

(C.3.13) ||F|| r = ||F|| L2(jBr) . 



189 



Also let n(gj,R) be the best constant K\ for which (C.3.9) is valid for < r < R. 
If g T {x) = g(rx), note that 

K(g T ,r- 1 S) = r n / 2 K(g, S). 

Now define 

3 ¥>(r) = sup{||W|| rS : G ^(Bs), Ltf = on B s , 

n(gj , 5 1 ) < 1,0 < # < R}. 

Let us denote by </?s(r) the sup in (C.3.14) with S fixed, in (0,R\. Then </?s(r) 
coincides with <fR.(r), with L replaced by the dilated operator, coming from the 
dilation taking Bs to B R . More precisely, the dilated operator is 

L s = b s dj a J s k bg 1 d k , 

with 

af(x) = a^iR^Sx), b s (x) = b^Sx), 

assuming has been arranged to be the center of Br. To see this, note that, if 
t = S/R, U T (x) = t~ 1 U(tx), and gj T ( x ) = 9j( TX ), then 

LU = J2 9 j9j ^ L S U T = djg jT . 

Also, VU T (x) = (VU)(tx), so ||W r || s/T = T n / 2 ||W|| S . 

Now for this family Lg, one has a uniform bound on C in (C.3.6); hence (p(r) 
is finite for r G (0, 1]. We also note that the bounds in (C.2.20) and (C.2.22) are 
uniformly valid for this family of operators. Theorem C.3.A will be proved when 
we show that 

(C.3.15) (p(r) < A r n / 2 - l+ ». 

In fact, this will give the estimate (C.3.10) with u replaced by U; meanwhile such an 
estimate with u replaced by if is a consequence of (C.2.22). Let H satisfy (C.2.22) 
with r = fiQ. We take fi < [jlq. 

Pick S G (0,-R] and pick gj satisfying (C.3.9), with R replaced by S and K\ by 
K. Write the U of (C.3.11) as U = U s + H s on B s , where U s G H%(B S ), LU S = 
LU = J2&j9j on Bs- Clearly (C.3.9) implies 

(C.3.16) jM^^^y-^Q^". 
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Thus, as in (C.3.12) (and recalling the definition of cp), we have 

-V 



/ S\n/2-l+n 

WVUsWs^AiK^) 



(C.3.17) 

\\VHs\\s<A 2 \\VU\\ s <A 2 K<p(^ 

Now, suppose < r < S < R. Then, applying (C.2.22) to Hs, we have 

||W|| r <||Ws|| r + ||Wfs|| r 

(C.3.18) /5\«/2-i+/! / rN ,S\ /r\"/2-i+w 

< ^ „ V o + A 3 Kip 



R) \S ) \RJ \S> 

Therefore, setting s = r/R, t = S/R, we have the inequality 

/ c\ / <j\ nil — 1+Uo 

(c.3.19) < r/ 2 - 1+ >(-) + AMt) (j) 

valid for < s < t < 1. Since it is clear that f(r) is monotone and finite on (0, 1], 
it is an elementary exercise to deduce from (C.3.19) that <p(r) satisfies an estimate 
of the form (C.3.15), as long as \i < hq. This proves Theorem C.3.A. 

§C.4. Boundary regularity 

Now that we have interior regularity estimates for the inhomogeneous problem, 
we will be able to use a few simple tricks to establish regularity up to the boundary 
for solutions to the Dirichlet problem 

(C.4.1) Lu = S ^djgj, u = f on 90, 

where L has the form (C.0.1), O is compact with smooth boundary, / e Lip(dO), gj e 
L g (0), q > n. First, extend / to / e Lip(O). Then u = v + f where v solves 

(C.4.2) Lv = J2 d i h i' v = 0on dtt, 

where 

(C.4.3) djhj = djgj - b~ x dja 3k b d k f. 

We will assume b G Lip(fi); then hj can be chosen in L q also. 

The class of equations (C.4.2) is invariant under smooth changes of variables 
(indeed, invariant under Lipschitz homeomorphisms with Lipschitz inverses, having 
the further property of preserving volume up to a factor in Lip(fi)). Thus make a 
change of variables to flatten out the boundary (locally), so we consider a solution 
v £ H 1 to (C.4.2) in x n > 0, \x\ < R. We can even arrange that 6=1. Now 
extend v to negative x n , to be odd under the reflection x n i— > — x n . Also extend 
a,i k (x) to be even when j,k<norj = k = m, and odd when j or k = n (but not 
both). Extend hj to be odd for j < n and even for j = n. With these extensions, 
we continue to have (C.4.2) holding, this time in the ball \x\ < R. Thus interior 
regularity applies to this extension of v, yielding Holder continuity. The following 
is hence proved. 
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Theorem C.4.A. For L of the form (C.0.1), elliptic, with b G Lip(Q) and a jk G 

L°°(0), a solution u G H^fl) to (C.4.1), with g 3 G q > n, f G Lip(dtt), 
has a Holder estimate 

(C4.4) NlcM(n)<c[E 
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D: Paraproduct estimates 



In §3.5 a paraproduct estimate of Coifman and Meyer, stated as Theorem 3. 5. A, 
played an important role. We prove some related results here. For the sake of 
brevity, we establish a result which is a bit simpler than Theorem 3. 5. A, but which 
nevertheless suffices for all the applications in §3.5. To begin, let (p, ifj, p G 5(lR n ), 
and set 

(D.l.l) P t = <p(tD), Q t = ^(tD), R t = p(tD). 

Proposition D.l.A. If(p,ip, P e S(R n ) and ip(Q) = p(0) = 0, then 

/•OO 

(D.1.2) r(aj)= / R t ((Q t a) ■ (P t f)) r 1 dt 

Jo 

satisfies an estimate 

(D.1.3) \\r(a,f)\\ L 2 <C\\a\\ BM o\\f\W- 

Theorem 3. 5. A dealt with a variant of (D.1.2), without the R t . 

To begin the proof of Proposition D.l.A, pick g E L 2 (IR n ) and write 



(DL4) =J J{Rtg){Q t a){P t f)r l dxdt 

r°° r x 1/2 / r°° r 

J J iR^gix^h^dxdtj -{J J \Q t a\ 2 \P t f\ 2 t- 1 dxdt 



< 

Given that p(0) = 0, it is easy to see that 

(D.1.5) / KgWht^dtKCWgWl* 

Jo 

so we bound the square of (D.1.4) by 

(D.1.6) C\\gf L2 J J \P t f(x)\ 2 dp(t,x). 

where 

(D.1.7) dn(t,x) = |Q t a(x)| 2 t _1 dxdt. 

Now, if a G BMO (M n ), p is a Carleson measure, i.e., for any cube Q C lR n , of 
length £(Q), if we set T(Q) = {(t, x) : x G Q, < t < £{Q)}, then 

(D.1.8) p{T{Q)) < K vol(Q). 

A proof of this is sketched in §A.3, where it is stated as (A. 3. 11). The best constant 
K = \\p\\c in (D.1.8) satisfies 

(D-l-9) Mc < C\\a\\ 2 BM0 . 

To proceed, we have the following result of Carleson. 
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Lemma D.l.B. If p is a Carleson measure on R" + , then 
(D.1.10) J J \P t f(x)\ 2 dp(x,t)<C\\p\\ c J \Mf(x)\ 2 dx, 

where Mf is the Hardy- Littlewood maximal function. 

The proof of the Lemma is essentially elementary. Using a Vitali covering argu- 
ment one shows that, for all A > 0, 

(D.l.ll) V{{x,t) : \P t f(x)\ > A} < C meas |x G W 1 : Mf{x) > 

It is classical that ||M/||| 2 < C||/||| 2 , so with (D.1.10) in concert with (D.1.6), 
one has a bound 

(D.1.12) \(r(a,f),g)\ < C||a||BMo||/IU*IMU», 

establishing (D.1.3). 

The following result will suffice to establish the estimate (3.5.18) on R(a, f). 

Proposition D.l.C. Let (p,ip e Cg°(R n ) be supported on < K < |f| < L. Then, 
with Pt and Qt as in (D.l.l), 

/>oo 

(D.1.13) r(aj)= / (Q t a) ■ (P t f) r 1 dt 

Jo 

satisfies the estimate (D.1.3). 

Proof Pick p e C^(R n ), equal to 1 on |^| < 2L. With R t = p(tD), we have 
(D.1.14) (Q t a) ■ (P t f) = R t ((Q t a) ■ (P t f)) . 

Thus (D.1.13) actually has the form (D.1.2). However, here we do not have p(0) = 0. 
But, looking at the first integral expression in (D.1.4) for (r(a, /), g), we see that 
we can interchange the roles of / and g, and then the arguments leading to the 
estimate (D.1.12) go through. 

Similarly, the following result will suffice to establish the estimate (3.5.19) on 
T f a. 

Proposition D.l.D. Let if £ C^(IR n ) be supported in |£| < K. Suppose ip G 
Co°(IR n ) vanishes for |£| < K. Then again (D.1.13) satisfies the estimate (D.1.3). 

Proof. Under these hypotheses, there exists p G C^°(IR n ), such that p(0) = and 
such that (D.1.14) holds, so again (D.1.13) actually has the form (D.1.3). This time 
all the hypotheses of Proposition D.l.A are satisfied, so the desired estimate holds. 

We can put together Propositions D.l.C and D.l.D to get the following common 
extension: 
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Proposition D.l.E. Take <f,i^e Co°(IR n ), and assume = on a neighbor- 
hood of the origin. Then (D.1.13) satisfies the estimate (D.1.3). 

Proof. For some K, L e (0, oo), we can write 

(D.1.15) on {C:|e|<^}, 

and 

( K -i 

(D.1.16) v? = Vi+V2, suppv?i C : |£| < K}, suppv? 2 C [— < |f| < Lj. 

Apply Proposition D.l.C with cp replaced by cf2 and apply Proposition D.l.D with 
<p replaced by cpi, to obtain the result. 

Remark. Proposition D.l.C extends without effort to the case 
(D.1.17) <p,if,eC?(R n ), ^(0) = ^(0) = 0, 

but is is not clear how this could lead to an easy improvement of Proposition D.l.E. 

Further arguments leading to the full proof of Theorem 3. 5. A can be found in 
Chapter 6 of [CM]. 



Index of notation 
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We use pseudodifferential operators, associated to symbols via (1.1.12), for sym- 
bols p(x,£) belonging to a number of symbol spaces. We list these symbol spaces 
here and record where their definitions can be found. We also use a number of 
linear spaces of functions and distributions, similarly listed below. 

We mention another notational usage. We use d m u to stand for the collection 
of d a u = d a u/dx a , for \a\ = m, and we use D m u to stand for the collection d a u 
for \a\ < m. Another common notation for the latter collection is J m u, called the 
m-jet of u, but I could not bring myself to join the jet set. 



symbol 

cm 

xs% 

r~<s cm 

c s s™ 5 

Ar cm 
^■0^1,6 
r cm 

Cm 



space 

C s 

Cl 

H s,p 

ttS, P 
£1 mcl 

BMO 

ci 

MP 
MP 



where defined 
0.1.4) 
1.1.2) 
1.1.11) 

1.3.16)-(1.3.17) 

1.3.18) 

3.1.28) 

3.1.31) 

3.1.32) 

3.3.34) 

3.4.1) 

3.4.32) 

where defined 



1.1.6) , (A.l.l) 
1.1.10), (A.1.2) 

1.1.7) , (A.1.7) 
3.1.51) 

3.6.30), (A.3.2) 

4.1.18), (B.2.1) 

4.1.21) 

4.1.23) 

A.2.2) 

A.2.10) 
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We also include references to some miscellaneous notation of frequent use in the 
paper. 



notation 


where defined 


(£) 


(0.1.4) 




(1.3.2) 




(1.3.5) 


Je 


(1.3.3), (5.1.4) 


M(u;x,D) 


(3.1.15), (3.3.6) 


n(aj) 


(3.2.0), (3.2.15) 




(3.2.4) 


R(f,g) 


(3.5.3) 


r(a, f) 


(3.5.15) 


T 9 R f 


(3.6.16) 


A s 


(3.6.19) 


{c,a}(x,£) 


(6.1.21) 


H a 


(6.1.21) 
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